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Abstract
We prove that a Morse-Smale gradient-like flow on a closed manifold has a “system
of compatible invariant stable foliations” that is analogous to the object introduced
by Palis and Smale in their proof of the structural stability of Morse-Smale diffeo-
morphisms and flows, but with finer regularity and geometric properties. We show
how these invariant foliations can be used in order to give a self-contained proof
of the well-known but quite delicate theorem stating that the unstable manifolds
of a Morse-Smale gradient-like flow on a closed manifold M are the open cells of a
CW -decomposition of M .
Introduction
The setting. Let M be a closed smooth manifold and φ : R×M →M a flow of class C1.
We recall that φ is said to be gradient-like if its chain recurrent set consists of stationary
points or, equivalently, if there is a continuous real function on M that strictly decreases
on each non-stationary orbit of φ. The flow φ is said to be Morse if all its stationary points
are hyperbolic, meaning that for such a point x the linear mapping Lx : TxM → TxM
which is defined by
dφt(x) = etLx ,
does not have purely imaginary eigenvalues. In this case, the tangent space of M at x has
an Lx-invariant splitting
TxM = E
u
x ⊕ Esx
such that all the eigenvalue of Lx|Eux (resp. Lx|Esx) have positive (resp. negative) real part.
When φ is gradient-like and Morse, the unstable and stable manifold of each stationary
point x, that is the sets
W u(x) := {p ∈M | φt(p)→ x for t→ −∞}, W s(x) := {p ∈M | φt(p)→ x for t→ +∞},
are embedded C1 submanifolds and their tangent spaces at x are Eux and E
s
x, respectively.
The number
ind(x) := dimEux = dimW
u(x)
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is called Morse index of x. The flow φ is said to be Smale if for every pair of stationary
points x, y the unstable manifold of x and the stable manifold of y meet transversally. In
particular, they can have a non-empty intersection only if ind(x) > ind(y) or x = y.
Throughout this paper, φ will be a gradient-like Morse-Smale flow of class C1 on the
closed manifold M . An important example is the negative gradient flow of a C2 Morse
function f : M → R with respect to a generic Riemannian metric. Notice that, in this
case, the stationary points of φ are the critical points of f and if x is such a critical point
then Lx is minus the Hessian of f at x, so its eigenvalues are real.
The main result. It is well known that the unstable manifold of a stationary point of
φ of index k is the image of an open k-dimensional ball by a C1 embedding. Moreover,
the unstable manifolds of stationary points form a partition of M and the Morse-Smale
assumption implies that the closure of each unstable manifold W u(x) is the union of W u(x)
and some unstable manifolds of index strictly less than ind(x). This suggests that the
unstable manifolds of stationary points should form a CW -decomposition of the manifold
M . What one has to prove in order to have this is the existence of a homeomorphism from
an open ball of dimension ind(x) onto W u(x) that extends continuously to the closure of
the ball. Discussing a proof of this result is the first aim of this paper. Morse precisely,
we shall give a detailed proof of the following theorem, in which Bk denotes the open unit
ball of Rk.
Theorem 1. Let φ be a gradient-like Morse-Smale flow of class C1 on the closed manifold
M . For every stationary point x of φ with Morse index k there exists a continuous map
ϕ : Bk → W u(x)
whose restriction to Bk is a homeomorphism onto W u(x). In particular, the unstable
manifolds W u(x) are the open cells of a CW -decomposition of M .
Versions of this theorem under various additional assumptions have been proven by
several authors. To the best of our knowledge, the above version for general gradient-like
Morse-Smale flows is not covered by the results in the literature. Before explaining the
idea of our proof, we briefly recall the history of this theorem.
Some history. In an influential note from 1949, Thom observed that the unstable man-
ifolds of the negative gradient flow of a Morse function are open cells, see [Tho49]. He did
not assume the Smale transversality condition - which was yet to come - but observed that
the cell decomposition that one gets is still good enough to deduce the Morse inequalities
and vanishing results for the homotopy groups of manifolds admitting Morse functions
without critical point in certain index ranges. He did not address the question of the
structure of the closure of unstable manifolds. In this respect, it should be remarked that,
without the Smale transversality condition, even the first part of Theorem 1 does not hold:
Not only the closure of the unstable manifold of a stationary point x of Morse index k
might contain points belonging to other unstable manifolds of dimension k or higher, as
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well known examples show, but it is actually possible that no homeomorphism from Bk
onto W u(x) extends continuosly to the closure of Bk. Since we were unable to find an
example in the literature, we include one in Appendix A.
Smale introduced the transversality condition that is now named after him in [Sma61],
in which he proved that the negative gradient flow of a given Morse function does satisfy
it for a generic choice of the metric. He also extensively studied the properties of what are
now called Morse-Smale flows - both with the gradient-like assumption that is considered
here and in the more general case in which hyperbolic periodic orbits are allowed - in
[Sma60]. Dynamical ideas are also pervasive in Milnor’s books on Morse theory [Mil63]
and - even more - on the h-cobordism theorem [Mil65]. However, neither Smale nor Milnor
addressed the question of the structure of the closure of unstable manifolds directly. But
as Franks observed in [Fra79][Theorem 3.2], from Milnor’s work it is possible to extract
the following statement: Given a Morse function f on M , there exists a CW -complex that
is homotopy equivalent to M and has one k-cell for each critical point of f of Morse index
k.
The first proof of the fact that unstable manifolds are indeed the open cells of a CW -
decomposition of M is due to Kalmbach [Kal75]. She considered the gradient flow of an
arbitrary Morse function f and, following Milnor, chose the metric on M so that - among
other conditions - the negative gradient of f has the special form
x1
∂
∂x1
+ · · ·+ xk ∂
∂xk
− xk+1 ∂
∂xk+1
− · · · − xn ∂
∂xn
(1)
in suitable local coordinates near each critical point of f . Here k is the Morse index
of the critical point. The Morse Lemma guarantees that metrics such that this holds
always exist. This is a very natural choice to make when the object of study is the Morse
function, and the same assumption has been considered in most of the subsequent works
on this subject. The advantage of the form (1) is not only that the vector field is linear in
the special coordinates (recall that the flow near a hyperbolic stationary point can always
be linearized, but by a conjugacy that is in general no more than Ho¨lder continuous),
but also that the rates of contraction and expansion are the same in all the stable and
unstable directions. Condition (1) appears also in the investigations on other aspects of
Morse-Smale gradient flows, such as Harvey and Lawson’s approach to Morse theory via
currents [HL01], in which Riemannian metrics such that the negative gradient vector field
of the Morse function f has the form (1) near each critical point are called f -tame (see
also [Min15] for a way to remove the f -tameness condition in this context).
By using the same assumption (1), Laudenbach studied the structure of the closure
of the unstable manifolds of gradient flows and showed that they are “submanifolds with
conical singularities”, see [Lau92]. From this fact, it is possible to show that the unstable
manifolds of a Morse-Smale gradient flow satisfying (1) are the cells of a CW -decomposition
(see [Lau92][Remark 3]). Two years later, Latour introduced an abstract compactification
of the unstable manifolds of a gradient flow that has been widely used since then: Given two
critical points x, y, once considers the space M(x, y) of all unparametrized broken orbits
from x to y, that is, m-uples (u1, . . . , um) where uj is an orbit connecting two distinct
3
critical points xj−1 and xj, where x0 = x and xm = y. One can put a natural topology on
the disjoint union
Ŵ u(x) := W u(x) unionsq
⋃
y
M(x, y)×W u(y),
where the last union ranges on the set of critical points y of index less than ind(x), so that
this space is compact and the map
ev : Ŵ u(x)→ W u(x)
which is the identity onW u(x) and maps each (u, p) ∈M(x, y)×W u(y) into p is continuous.
A possible strategy leading to Theorem 1 is then to prove that the abstract compactification
Ŵ u(x) is homeomorphic to a closed ball. This is not done in Latour’s paper, which instead
deals with the structure of manifolds with corners of these compactifications, in the more
general setting of Morse-Novikov theory.
The approach via abstract compactification has been explicitly worked out by Audin
and Damian in their introductory book on Floer homology [AD14]: Assuming the normal
form (1), this book contains a neat and complete proof of the fact that the compactification
Ŵ u(x) is homeomorphic to a closed ball. Also very readable and extremely detailed is Qin’s
paper [Qin10]. This paper contains a detailed description of the structure of manifold with
corners on Ŵ u(x), as well as a proof of the fact that this space is homeomorphic to a closed
ball. Qin works in the more general setting of functionals on possibly infinite dimensional
Hilbert manifolds, but his paper is a good reference also for the readers interested in the
finite dimensional situation.
A detailed description of the structure of manifold with corners of the abstract com-
pactification of W u(x) is also contained in Burghelea, Friedlander and Kappeler’s paper
[BFK10], which however does not deal with the question of determining the topology of
Ŵ u(x).
In all the above mentioned references, assumption (1) plays an important role. In
[BC07] Barraud and Cornea proved Theorem 1 for Morse-Smale gradient flows without as-
suming the normal form (1). They however assumed that the Morse function has a unique
critical point of Morse index zero. Their proof is still based on an abstract compactifi-
cation and uses gluing techniques from Floer theory as well as the notion of topological
transversality. It is somehow less elementary than the above mentioned proofs by Kalm-
bach, Audin-Damian and Qin.
Finally, in the subsequent paper [Qin11], Qin showed how Theorem 1 for an arbitrary
gradient flow of a Morse function satisfying the Smale transversality condition can be
deduced from the corresponding statement for a Morse-Smale gradient flow having the
form (1) near the critical points. The idea, which was actually suggested by Franks in
the already mentioned [Fra79], is to show that the given Morse-Smale gradient flow can
be connected to a Morse-Smale gradient flow satisfying (1) by a smooth path of gradient
flows which are all Morse-Smale and have the same stationary points. The existence of a
path with this properties is not immediate, but similar results were proved by Newhouse
and Peixoto in [NP76]. Once the existence of this path has been established, the structural
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stability theorem for Morse-Smale flows (see [PS70]) implies that any two gradient flows
in the path are topologically equivalent, meaning that there is a homeomorphism of M
mapping orbits of the first flow into orbits of the second one. In particular, the two
gradient flows at the end-points of the path are topologically equivalent, and hence the
abstract compactifications of their unstable manifolds are homeomorphic.
Summarizing: From the available literature it is possible to deduce Theorem 1 for
the negative gradient flow of an arbitrary smooth Morse function, with respect to any
Riemannian metric for which the flow has the Smale transversality condition: One needs
to put together a proof for the special form (1) - such as [Kal75], [Lau92], [Qin10] or
[AD14] - with the argument a` la Peixoto-Newhouse that is fully explained in [Qin11] and
the structural stability of Morse-Smale flows from [PS70].
A proof based on stable foliations. The proof of Theorem 1 that is contained in
this paper is somehow more direct than the existing ones, as it does not use the abstract
compactification. Moreover, it does not need the vector field generating the flow to have
the special form (1) near the stationary points, which are just assumed to be hyperbolic.
Non real eigenvalues of the linearization of the flow at stationary points are also allowed,
so the flow φ is not necessarily the gradient flow of a Morse function.
We do however need some high regularity on the flow, and in order not to be forced
to keep track of the regularity degrees, we shall just assume the Morse-Smale gradient-like
flow φ to be smooth (see Remark 5.8 below for comments on this). Theorem 1 in the
smooth category immediately implies it in the C1 category: If φ is a C1 Morse-Smale
gradient-like flow φ then by the structural stability theorem any C1 flow that is C1loc-close
to it is topologically equivalent to it, so it is enough to approximate φ in the C1loc topology
with a smooth flow and get the desired conclusion.
Let x be a stationary point of Morse index k. The main part of the proof consists in
constructing a continuous flow ψ on W u(x) with the following properties:
(a) The only stationary point of ψ is x and ψt(p) = φt(p) for every p in a neighborhood of
x and every t ≤ 0.
(b) The orbit ψt(p) of every p ∈ W u(x) tends to x for t→ −∞.
(c) The orbit ψt(p) of every p ∈ W u(x) \ {x} tends to some point ω(p) in W u(x) \W u(x)
for t→ +∞.
(d) The map ω : W u(x) \ {x} → W u(x) is continuous.
Having such a flow, it is immediate to construct a map ϕ : Bk → W u(x) satisfying the
requirements of Theorem 1 (see Corollary 7.2 below). Note that the restriction of the flow
φ to W u(x) satisfies (a), (b) and (c) but not (d), except in the trivial cases in which either
x has index 0 (so that W u(x) = {x}) or W u(x) \W u(x) consists of just one point (which
is then a stationary point of index zero).
The main tools in our construction of the flow ψ are invariant stable foliations. Let
x be stationary point of φ of index k and let Ux be an open φ-invariant neighborhood of
5
x. By invariance, Ux is actually a neighborhood of W
u(x) ∪W s(x). An invariant stable
foliation of Ux is a foliation
L sx = {Lsx(p)}p∈Wu(x)
of Ux such that each leaf L
s
x(p) is a smoothly embedded (n− k)-dimensional manifold that
meets W u(x) transversally at p, such that the invariance condition
φt(Lsx(p)) = L
s
x(φ
t(p))
holds for every p ∈ W u(x) and every t ∈ R. In particular, the leaf Lsx(x) coincides with
the stable manifold W s(x). Similar objects appear in [PS70] under the name of “tubular
families of W s(x)”.
The leaves of this foliation are smooth submanifolds, but the foliation needs not be
smooth in the usual sense. It is however “partially smooth”, meaning the map that to
each p ∈ W u(x) associates the embedding whose image is Lsx(p) can be chosen to be
continuous into space of smooth embeddings, which is endowed with the C∞ topology. See
Definition 1.1 below for a more precise local definition. In particular, the map that maps
every point p ∈ Ux to the tangent space at p to the leaf of L sx through p is continuous into
the Grassmannian of (n− k)-dimensional subspaces of TM .
Invariant stable foliations are easy to build. More delicate is to show that it is possible
to build a system of invariant stable foliations L sx for every stationary point x of φ such
that the foliation L sx refines L
s
y whenever ind(x) ≥ ind(y). This means that each leaf
of L sx is either disjoint from the domain of L
s
y or fully contained in a leaf of L
s
y . More
precisely, we shall prove the following result.
Theorem 2. Let φ be a smooth gradient-like Morse-Smale flow on the closed manifold M .
For every stationary point x of φ there are an invariant stable foliation L sx of an open
invariant neighborhood Ux of x as defined above and an invariant partially smooth foliation
S sx of Ux \W u(x) such that the following conditions hold:
(i) If ind(x) = k, then the leaves of S sx are (n − k − 1)-dimensional spheres and this
foliation refines L sx . Each leaf of S
s
x is transverse to every unstable manifold W
u(y).
(ii) If ind(x) ≥ ind(y) then the foliation L sx refines the foliation S sy , and a fortiori also
L sy . Moreover, the foliations L
s
x and S
s
x are L
s
y -smooth.
(iii) Any continuously differentiable curve that is contained in the domain of the foliation
L sx or S
s
x and is tangent to every leaf of this foliation, is fully contained in one leaf.
This result is a refinement of a theorem that Palis and Smale proved in [PS70][Theorem
2.6] and that is the main ingredient in their proof of the structural stability of Morse-Smale
diffeomorphisms and flows. After Palis and Smale’s work, different proofs of the structural
stability of more general flows were given, such as Robinson’s proof of the structural sta-
bility of Axiom A flows [Rob74], but systems of compatible stable and unstable foliations
similar to the ones appearing in the above result have been often used in the study of
Morse-Smale diffeomorphisms and flows (see e.g. [PT83] and [BGP17]).
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The main additions in our statement are the presence of the further foliations into
spheres S sx and a higher regularity of all the foliations. Indeed, Palis and Smale required
only smooth leaves with tangent spaces varying continuously. Instead, we are requiring
the already mentioned stronger partial smoothness plus the further conditions required in
(ii) and (iii), which still need some explanation. Concerning (ii), the precise meaning of
L ′-smoothness for a foliation L refining L ′ is discussed in Section 1 below. Here we just
note that it implies in particular that L restricts to a smooth foliation - in the usual sense
- of every leaf of L ′. Condition (iii), which would hold automatically for a C1 foliation,
does not hold in general for a partially smooth one (see Examples 1.3 and 1.4 below), but
turns out to be quite useful. The invariant stable foliations of Theorem 2 might have other
applications, for instance to the already mentioned approach to Morse theory via currents,
see [HL01], and to the spectral analysis of Morse-Smale gradient flows, see [DR19], which so
far has been carried out under the assumption of C1-linearizability near stationary points.
Giving a complete and self-contained proof of Theorem 2 will take the first five sections
of this paper. This proof differs from Palis and Smale’s one, as our foliations are obtained
by integrating vector fields rather than by constructing retractions. The class of foliations
we deal with is discussed in Section 1, and Theorem 2 is proven in Sections 4 and 5, building
on a general statement about the regularity of the graph transform in hyperbolic dynamics
that we prove in Section 2. The latter statement has some consequences which might have
some independent interest, such as the behaviour of the tangent spaces of W u(x) along
sequences of points in W u(x) converging to some point outside of W u(x), that are discussed
in Section 3.
Building on Theorem 2, a flow ψ on W u(x) satisfying the conditions (a)-(d) stated
above can be constructed quite easily. Indeed, W u(x) \ {x} is covered by the union of
all the invariant neighborhoods Uy for ind(y) < ind(x). For every such stationary point
y, the traces of the foliations L sy and S
s
y on W
u(x) define partially smooth foliations of
Uy ∩W u(x), thanks to the transversality condition stated in Theorem 2 (i). We can define
a vector field Yy on Uy ∩W u(x) which is tangent to the leaves of L sy ∩W u(x), tranverse to
the leaves S sy ∩W u(x) and points in the direction in which the radii of the spheres forming
the foliation S sy decrease. The flow of the vector field Yy is positively complete and the
orbit of any point in the leaf Lsy(p)∩W u(x) converges to the point p ∈ W u(y) for t→ +∞.
By patching together the vector fields Yy using a suitable partition of unity, we can
define a vector field Y on W u(x)\{x} whose flow has the property that the orbit of each p
near the “boundary” W u(x)\W u(x) converges to some point ω(p) in W u(x)\W u(x), where
ω is a continuous map. Here, the partition of unity is chosen in such a way that in the
regions in which more vector fields Yy are present, those corresponding to stationary points
of higher Morse index are privileged. The refinement property of the above foliations plays
an important role in proving the continuity of ω. See Section 6 for the explicit construction
of Y and for the discussion of the properties of its flow. It should also be remarked that
the vector field Y is continuous but may not be locally Lipschitz continuous. However, it
is uniquely integrable because at every point p it is tangent to the stable leaf of higher
dimension containing p, on which it is smooth, and thanks to condition (iii) in Theorem 2.
The final step is to juxtapose the flow of Y , which has the required behaviour near
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the “boundary” of W u(x), to the restriction of the original flow φ to W u(x), which has
the right behaviour near x. This is done in Section 7, using some general facts about the
juxtaposition of flows that are discussed in Appendix B.
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1 Partially smooth foliations
In this section M denotes a (not necessarily compact) smooth n-dimensional manifold
without boundary. Our aim here is to discuss a class of foliations of M that appear often
in dynamics. These are not smooth foliations in the usual sense, but they have smooth
leaves that vary continuously. Here is the precise definition.
Definition 1.1. A k-dimensional partially smooth foliation of M is a partition L of M
such that for every p ∈M there exists a homeomorphism
ϕ : Ω→ U
from an open subset Ω of Rk × Rn−k onto an open neighborhood U of p such that
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(i) {ϕ(Ω ∩ (Rk × {y}))}y∈Rn−k = {L ∩ U}L∈L ;
(ii) ϕ is infinitely differentiable in the first variable x ∈ Rk and all the partial differentials
dh1ϕ, h ∈ N, are continuous on Ω;
(iii) for every (x, y) ∈ Ω the partial differential d1ϕ(x, y) : Rk → Tϕ(x,y)M is injective.
A map ϕ as above is called a partially smooth parametrization of L at p. The elements L
of a partially smooth foliation L are called leaves.
We shall use the symbol L(p) to denote the leaf L ∈ L through p. According to the
above definition, each leaf L ∈ L is a smooth embedded submanifold of M and the map
p 7→ TpL(p)
is a continuous map from M into the Grassmannian of k-planes in TM . This map is not
necessarily differentiable in directions that are not tangent to the leaves.
Remark 1.2. One could modify this definition in order to allow the leaves to be only
injectively immersed submanifolds, but this further level of generality is not needed in this
paper.
Example 1.3. The partition of R2 into the graphs of the smooth functions x 7→ (x− x0)3,
for x0 varying in R, is a 1-dimensional partially smooth foliation of R2. Indeed, it has the
global partially smooth parametrization
ϕ(x, y) =
(
x, (x+ y)3
)
.
Note that this is not a C1 foliation. In fact, the x-axis is a smooth curve which is tangent to
each leaf and contained in none. The presence of such a curve is not possible in a C1 folia-
tion, but it is possible in a partially smooth foliation, since the associated parametrizations
are not assumed to be C1 diffeomorphisms.
Example 1.4. An example with a special geometric flavour is described in [FT07, Lecture
10, see in particular figure 10.10]: Consider a smooth simple curve γ in the plane with
strictly increasing positive curvature. Then the osculating circles to γ, that is, the circles
which are tangent to γ with radius the inverse of the curvature of γ at the point of tangency,
form a foliation of a portion of the plane. This foliation is easily seen to be partially smooth.
It is not a C1 foliation, because the curve γ is tangent to all the leaves of this foliation but
touches each leaf in a single point.
If L is a k-dimensional partially smooth foliation of M and ϕ1 : Ω1 → U1 and ϕ2 :
Ω1 → U2 are two partially smooth parametrizations of L with U1 ∩ U2 6= ∅ then the
transition map
ψ := ϕ−12 ◦ ϕ1 : ϕ−11 (U2)→ ϕ−12 (U1)
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is a homeomorphism between open subsets of Rk × Rn−k that maps subspaces parallel to
Rk × {0} into subspaces parallel to Rk × {0} and hence has the form
ψ(x, y) =
(
ψ1(x, y), ψ2(y)
)
.
Here, the first component ψ1 has differentials of every order in the first variable x ∈ Rk
that are continuous on ϕ−11 (U2), and
d1ψ1(x, y) : Rk → Rk
is invertible for every (x, y) ∈ ϕ−11 (U2).
The next example gives an alternative way of presenting a partially smooth foliation.
Example 1.5. Consider a family of graphs of maps from Rk into Rn−k:
L = {graphσy : Rk → Rn−k}y∈Rn−k
where
σ : Rk × Rn−k → Rn−k,
and we are using the notation σy(x) = σ(x, y). We assume that the elements of L form a
partition of Rk×Rn−k. If the map σ is continuous on Rk×Rn−k and infinitely differentiable
with respect to the first variable x ∈ Rk with all differentials dh1σ continuous on Rk×Rn−k,
then L is a partially smooth foliation of Rk × Rn−k. The reader is invited to check that
every partially smooth foliation can be locally represented in this way by means of smooth
charts.
We now proceed by defining the natural notion of smoothness for maps whose domain
carries a partially smooth foliation.
Definition 1.6. Let L be a partially smooth k-dimensional foliation of M . A map f :
V → N from an open subset V of M into a smooth manifold N is said to be L -smooth
if for any partially smooth parametrization ϕ : Ω → U ⊂ V of L the composition f ◦
ϕ is continuous, infinitely differentiable in the first variable x ∈ Rk and all the partial
differentials dh1f , h ∈ N, are continuous on Ω.
As usual, it is enough to check the L -smoothness of a map f : V → N for a family
of partially smooth parametrizations whose images cover V . Indeed, this follows from the
properties of the transition maps that we have discussed before.
If, more generally, the partially smooth foliation L is defined only on an open subset
W of M , we say that f : V → N as above is L -smooth if its restriction to V ∩ W is
L -smooth.
The restriction of an L -smooth map to each leaf of L is smooth, but derivatives in
directions that are not tangent to the leaves may not exist.
LetL be a partially smooth foliation. The inverse of each partially smooth parametriza-
tion for L is trivially seen to be L -smooth. Moreover, the map
p 7→ TpL(p)
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that maps each p ∈M to the tangent space of the leaf through p is alsoL -smooth. Indeed,
its composition with a partially smooth parametrization ϕ is just the map
(x, y) 7→ d1ϕ(x, y)(Rk),
which has the required regularity properties.
Let L be a k-dimensional partially smooth foliation of the n-dimensional manifold M
and let L ′ be a k′-dimensional partially smooth foliation of the n′-dimensional manifold
M ′. Let f : M → M ′ be an L -smooth map mapping each leaf of L into some leaf of
L ′. Then for every L ′-smooth map g : M ′ → N into a manifold N the composition
g ◦ f : M → N is L -smooth. Indeed, f can be read by means of partially smooth
parametrizations of L and L ′ as a map
(x, y) 7→ ψ−1 ◦ f ◦ ϕ(x, y) = (f1(x, y), f2(y)), ∀(x, y) ∈ Ω ⊂ Rk × Rn−k,
where the continuous map f1 takes values into Rk
′
and is infinitely differentiable in x ∈ Rk
with continuous partial differentials of every order and f2 is a continuous map taking values
into Rn′−k′ . By means of the same partially smooth parametrization of L ′, the map g is
seen as a continuous map
(x′, y′) 7→ g ◦ ψ(x′, y′), ∀(x′, y′) ∈ Ω′ ⊂ Rk′ × Rn′−k′ ,
which is infinitely differentiable in x′ ∈ Rk′ with continuous partial differentials of every
order. The chain rule implies that g ◦ f ◦ ϕ has the required regularity properties.
Definition 1.7. Let L and L ′ be partially smooth foliations of open subsets U and U ′ of
M . We say that L refines L ′ if for all p ∈ U ∩ U ′ the leaf L(p) of L passing through p
is contained in the leaf L′(p) of L ′ through p.
In other words, L refines L ′ if any leaf of L is either disjoint from the domain of L ′
or fully contained in a leaf of L ′.
Let L and L ′ be partially smooth foliations of open subsets U and U ′ of M and
assume that L refines L ′. In this case, any map f : V → N from an open subset V of M
into a manifold N that is L ′-smooth is a fortiori L -smooth on U ′: This follows from the
above considerations about smoothness of compositions by factorizing the restriction of f
to V ∩ U ∩ U ′ through the inclusion V ∩ U ∩ U ′ ↪→ V ∩ U ′.
Let ϕ and ϕ′ be partially smooth parametrizations of L and L ′ respectively. Then
the inverse of ϕ′ is L -smooth, because we have already observed that it is L ′-smooth.
However, the map ϕ−1 needs not be L ′-smooth: For instance, if L ′ = {U ′} is the triv-
ial n-dimensional foliation consisting of only one leaf, then L ′-smoothness is just ordi-
nary smoothness, and the inverses of partially smooth parametrizations of L need not be
smooth. These considerations motivate the following defintion:
Definition 1.8. Let L and L ′ be partially smooth foliations of open subsets U and U ′ of
M and assume that L refines L ′. The foliation L is said to be L ′-smooth if U ∩U ′ can
be covered by a family of open sets V that are images of partially smooth parametrizations
ϕ : Ω→ V for L such that the map ϕ−1 is L ′-smooth.
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Equivalently: the partially smooth foliation L refining L ′ is L ′-smooth if and only if
the map
p 7→ TpL(p)
isL ’-smooth. Indeed, ifL isL ′-smooth and ϕ : Ω→ U is a partially smooth parametriza-
tion of L whose inverse is L ′-smooth, then the composition of the above map with a
partially smooth parametrization of L ′ is the map
(x, y) 7→ d1ϕ(ϕ−1 ◦ ψ(x, y))(Rh), (x, y) ∈ Rk × Rn−k, h = dimL ,
which has the required regularity properties. The converse statement can be proven by
locally representing the foliation L as a family of graphs as in Example 1.5.
Now let L be a k-dimensional partially smooth foliation of M and let v : M → TM
be an L -smooth vector field on M that is tangent to each leaf of L .
This continuous vector field is not necessarily C1 and its Cauchy problems may not
have a unique solution. For instance, if L is the partially smooth foliation of R2 that is
described in Example 1.3 we can consider v to be the unit vector field on R2 that is tangent
to all the leaves and has a positive first component. The corresponding Cauchy problem
at points of the form (x, 0) does not have a unique solution.
However, the restriction of v to each leaf of L is a smooth tangent vector field, and
hence the Cauchy problems for v have unique solutions that are contained in some leaf.
Therefore, the vector field v has a well defined local flow
φv : dom(φv)→M, (t, x) 7→ φtv(x) := φv(t, x), dom(φv) ⊂ R×M.
The theorems on the continuous dependence of solutions of Cauchy problems depending on
a parameter and on the differentiable dependence on the initial conditions imply that the
maximal domain dom(φv) is an open subset of R×M and that the map φv is R×L -smooth,
where
R×L := {R× L}L∈L
is a partially smooth foliation of R×M .
2 The graph transform
The graph transform in hyperbolic dynamics was originally introduced in order to prove
the existence and the regularity properties of the local unstable manifold of a hyperbolic
stationary point of a flow. It is also quite useful in order to understand the evolution of
submanifolds that are transverse to the stable manifold of such a hyperbolic stationary
point. The aim of this section is to recall the definition and main properties of the graph
transform and to establish its continuity in the Ck topology.
Let E be a finite dimensional real vector space. Let φ be a C1 local flow on E having
zero as a hyperbolic stationary point. This means that the domain of φ is an open subset
of R× E containing R× {0} and
φt(0) = 0, dφt(0) = etL ∀t ∈ R,
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where L : E → E is a linear mapping and E has an L-invariant splitting
E = Eu ⊕ Es
such that
max Reσ(L|Es) < 0 < min Reσ(L|Eu).
Denote by P u and P s the projectors onto Eu and Es which are induced by this splitting.
As it is well known, E admits an L-adapted norm, that is, a norm ‖ · ‖ such that
‖x‖ = max{‖P ux‖, ‖P sx‖},
‖etLx‖ ≤ e−λt‖x‖ ∀x ∈ Es, ∀t ≥ 0, ‖etLx‖ ≤ eλt‖x‖ ∀x ∈ Eu, ∀t ≤ 0,
for some positive real number λ. Given a number r > 0, we denote by D(r) (resp. Du(r),
resp. Ds(r)) the closed ball of radius r in E (resp. in Eu, resp. in Es). With this notation
we have
D(r) = Du(r)×Ds(r).
The local stable and unstable manifolds in D(r) are the sets
W sloc,r(0) :=
{
x ∈ D(r) | φt(x) ∈ D(r) ∀t ≥ 0 and φt(x)→ 0 for t→ +∞} ,
W uloc,r(0) :=
{
x ∈ D(r) | φt(x) ∈ D(r) ∀t ≤ 0 and φt(x)→ 0 for t→ −∞} .
The symbol Lip1(D
u(r), Ds(r)) denotes the set of 1-Lipschitz maps from Du(r) to Ds(r),
which is a closed convex subset of the Banach space of continuous mappings from Du(r)
to Es. The map Γφ whose properties are listed in the next proposition is called the graph
transform.
Proposition 2.1. For any r > 0 small enough there is a continuous map
Γφ : [0,+∞]× Lip1(Du(r), Ds(r)) −→ Lip1(Du(r), Ds(r))
with the following properties:
(i) Γφ is a semigroup, that is, Γφ(0, σ) = σ and Γφ(t + s, σ) = Γ(t,Γ(s, σ)) for every
σ ∈ Lip1(Du(r), Ds(r)) and every s, t ∈ [0,+∞].
(ii) For every t ∈ [0,+∞) the restriction of φt to D(r) maps the graph of σ onto the
graph of Γφ(t, σ), that is
graph Γφ(t, σ) =
{
φt(x) | x ∈ graphσ and φ([0, t]× {x}) ⊂ D(r)} .
(iii) Γφ has a unique fixed point σ∞ such that Γφ(+∞, σ) = σ∞ for every
σ ∈ Lip1(Du(r), Ds(r)),
and
graphσ∞ = W uloc,r(0).
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(iv) If morever φ is of class Ck+1, with k ≥ 1, then Γφ restricts to a mapping
[0,+∞]× Lip1 ∩ Ck(Du(r), Ds(r)) −→ Lip1 ∩ Ck(Du(r), Ds(r)),
which is continuous with respect to the Ck topology. In particular, σ∞ is of class Ck
and if σ is of class Ck then Γφ(t, σ) converges to σ∞ in the Ck-topology for t→ +∞.
Proof. The proof of statements (i), (ii) and (iii) in the case of a discrete dynamical system
can be found in [Shu87][Section 5.I]. The case of a flow easily follows (see [AM01][Proposition
A.3] for details about the dependence on time). Here we show how (iv) can be deduced
from the first three statements applied to the tangential mapping of φ.
We start by recalling the explicit formula for graph transform Γφ(t, σ)
Γφ(t, σ) = P
s ◦ φt ◦ (idEu × σ) ◦
(
P u ◦ φt ◦ (idEu × σ)
)−1|Du(r) ∀t ∈ [0,+∞). (2)
See [Shu87][Definition 5.3]. Indeed, when r is small enough the restriction to Du(r) of
the map P u ◦ φt ◦ (idEu × σ) is a diffeomorphism onto a neighborhood of Du(r) (see
[Shu87][Lemma 5.5]). The identity (2) implies that if φ is of class Ck then Γφ restricts to
a map
[0,+∞)× Lip1 ∩ Ck(Du(r), Ds(r)) −→ Lip1 ∩ Ck(Du(r), Ds(r)),
which is continuous with respect to the Ck topology. There remains to show that if φ is of
class Ck+1 then σ∞ is of class Ck and for every σ ∈ Lip1 ∩ Ck(Du(r), Ds(r))
Γφ(t, σ)→ σ∞ for t→ +∞
in the Ck topology, locally uniformly in σ ∈ Ck(Du(r), Ds(r)). In order to show this, we
start with the case k = 1:
Claim 1. If φ is of class C2 then there is a positive number r′ ≤ r such that σ∞|Du(r′) is of
class C1 and for every σ ∈ Lip1 ∩ C1(Du(r′), Ds(r′))
Γφ(t, σ)→ σ∞|Du(r′) for t→ +∞
in the C1 topology, locally uniformly in σ ∈ C1(Du(r′), Ds(r′)).
The tangential mapping of φt is the map
Tφt : TE := E × E → TE, Tφt(x, u) := (φt(x), dφt(x)[u]),
and defines a flow on TE. This flow is of class Ck when φ is of class Ck+1. The point (0, 0)
is an equilibrium point for this flow, and the differential of Tφt at (0, 0) is
dTφt(0, 0)[(u, v)] =
(
Dφt(0)[u], d2φt(0)[0, u] + dφt(0)[v]
)
= (etLu, etLv).
This shows that (0, 0) is hyperbolic, with corresponding projectors P u × P u and P s × P s.
Therefore, there exist a positive number r′ ≤ r and a continuous mapping
ΓTφ : [0,+∞]×Lip1(Du(r′)×Du(r′), Ds(r′)×Ds(r′))→ Lip1(Du(r′)×Du(r′), Ds(r′)×Ds(r′)),
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which satisfies the conditions (i), (ii) and (iii) for the flow Tφ. We claim that for every
σ ∈ Lip1 ∩ C1(Du(r′), Ds(r′)) and every t ∈ [0,+∞) there holds
TΓφ(t, σ) = ΓTφ(t, Tσ). (3)
Indeed, the formula (2) shows that the map Γφ(t, σ) is uniquely determined by the identity
Γφ(t, σ) ◦ P u ◦ φt ◦ (idEu × σ) = P s ◦ φt ◦ (idEu × σ). (4)
By applying the functor T we find
TΓφ(t, σ) ◦ TP u ◦ Tφt ◦ T (idEu × σ) = TP s ◦ Tφt ◦ T (idEu × σ),
from which we obtain
TΓφ(t, σ) ◦ (P u × P u) ◦ Tφt ◦ (idEu×Eu × Tσ) = (P s × P s) ◦ Tφt ◦ (idEu×Eu × Tσ).
The last identity shows that TΓφ(t, σ) satisfies (4) for the flow Tφ
t and hence proves (3).
By the theorem on the limit under the sign of differential, the set{
Tσ|Du(r′)×Du(r′) | σ ∈ Lip1 ∩ C1(Du(r′), Ds(r′))
}
is a non-empty closed subset of Lip1(D
u(r′) × Du(r′), Ds(r′) × Ds(r′)). Since this set is
also invariant under the action of ΓTφ by (3), statement (iii) implies that the unique fixed
point of ΓTφ belongs to it. Since the first component of ΓTφ(t, Tσ) converges uniformly
to σ∞|Du(r′) for t → +∞, we deduce that σ∞|Du(r′) is continuously differentiable and
Tσ∞|Du(r′) is the fixed point of ΓTφ. The fact that ΓTφ(t, Tσ) C0-converges to Tσ∞|Du(r′)
for t→ +∞ locally uniformly in Tσ ∈ C0(Du(r′)×Du(r′), Ds(r′)×Ds(r′)) implies Claim
1.
By applying Claim 1 to Tφ, an induction argument proves the following:
Claim 2. If φ is of class Ck+1 then there is a positive number r′ ≤ r such that σ∞|Du(r′) is
of class Ck and for every σ ∈ Lip1 ∩ Ck(Du(r′), Ds(r′))
Γφ(t, σ)→ σ∞|Du(r′) for t→ +∞
in the Ck topology, locally uniformly in σ ∈ Ck(Du(r′), Ds(r′)).
There remains to prove that the above claim remains true if we replace r′ by r. This
follows from the identity (2) together with a standard dynamical continuation argument.
Indeed, since σ∞ is of class Ck on Du(r′) we can find t0 > 0 large enough so that the map
P u ◦ φt0 ◦ (idEu × σ∞)|Du(r′) : Du(r′)→ Eu
is a diffeomorphism of class Ck onto a neighborhood of Du(r) (see again [Shu87][Lemma
5.5]). By (2) together with the fact that σ∞ is a fixed point of Γφ we find
σ∞ = P s ◦ φt0 ◦ (idEu × σ∞) ◦
(
P u ◦ φt0 ◦ (idEu × σ∞)
)−1|Du(r).
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By the above choice of t0, σ∞ on the right-hand side of this equality is applied at points
in Du(r′), so the regularity of σ∞|Du(r′) implies that σ∞ is of class Ck on Du(r). Now
let σ0 ∈ Lip1 ∩ Ck(Du(r), Ds(r)). By Claim 2 we can find a neighborhood U ⊂ Lip1 ∩
Ck(Du(r), Ds(r)) of σ0 in the C
k topology such that
Γφ(t, σ)|Du(r′) → σ∞|Du(r′) for t→ +∞, uniformly in σ ∈ U . (5)
In particular, there exists t1 ≥ 0 such that for every t ≥ t1 and every σ ∈ U the map
P u ◦ φt0 ◦ (idEu × Γφ(t− t0, σ))|Du(r′) : Du(r′)→ Eu
is a diffeomorphism of class Ck onto a neighborhood of Du(r). From the group property
of Γφ we deduce the identity
Γφ(t, σ) = P
s ◦ φt0 ◦ (idEu × Γφ(t− t0, σ)) ◦
(
P u ◦ φt0 ◦ (idEu × Γφ(t− t0, σ))
)−1|Du(r).
When t ≥ t1 and σ ∈ U , the map Γφ(t − t0, σ) on the right-hand side of this identity is
applied at points in Du(r′), so (5) implies that Γφ(t, σ) converges to σ∞ in Ck(Du(r), Ds(r))
uniformly for σ ∈ U .
Remark 2.2. Actually, σ∞ is of class Ck whenever the flow is of class Ck. See [Shu87][Section
5.II].
3 First properties of Morse-Smale gradient-like flows
Let M be a closed differentiable manifold and φ a smooth flow on M . The flow φ is said
to be gradient-like if all its chain recurrent points are stationary points. Equivalently, φ
admits a Lyapunov function, i.e. a continuous real valued function on M which strictly
decreases on all non-stationary orbits of φ. The gradient-like flow φ is said to be Morse
if all its stationary points are hyperbolic. Since hyperbolic stationary points are isolated,
a Morse gradient-like flow has finitely many stationary points. The set of all stationary
points of φ is denoted by stat(φ).
Given a hyperbolic stationary point x of φ we denote by Eux and E
s
x the unstable and
stable subspaces of TxM and by ind (x) the Morse index of x, i.e. the dimension of E
u
x .
The unstable and a stable manifold of x are denoted by
W u(x) := {p ∈M | φt(p)→ x for t→ −∞},
W s(x) := {p ∈M | φt(p)→ x for t→ +∞}.
They are smoothly embedded images of Eux and E
s
x, respectively, and
TxW
u(x) = Eux , TxW
s(x) = Esx.
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The sets {W u(x)}x∈stat (φ) and {W s(x)}x∈stat (φ) are two partitions on M . The Morse
gradient-like flow φ is said to be Smale if for every pair x, y of stationary points the
unstable manifold of x and the stable manifold of y meet transversally.
Throughout the remaining part of this paper, φ is a Morse-Smale gradient-like smooth
flow on a closed differentiable manifold M of dimension n.
Let x be a stationary point of φ. We fix once and for all an identification of a neighbor-
hood Nx of x with a neighborhood of 0 in the vector space Ex := TxM ∼= Rn, so that the
stationary point x is identified to the origin. We choose a norm on Ex which is adapted
to the differential of the flow at x, see Section 2, and we denote by Dux(r), D
s
x(r) and
Dx(r) = D
u
x(r)×Dsx(r) the closed balls of radius r in Eux , Esx and Ex, respectively.
We can choose this norm in such a way that its restrictions to both Eux and E
s
x are
induced by scalar products on these spaces. Thanks to these facts, the sets Dux(r) and
Dsx(r) are ellipsoids and in particular have a smooth boundary.
We rescale the norm so that Dx(1) is contained in the neighborhood of the origin in Ex
which is identified with Nx and the graph transform of Proposition 2.1 is well-defined for
r ≤ 1. In particular, we see {Dx(r)}0<r≤1, as a fundamental system of neighborhoods of x
in M .
It will be also convenient to choose the C1 chart which identifies Nx with a neighborhood
of 0 in Ex in such a way that the local unstable and stable manifolds of x are linear:
W sloc,r(x) = D
s
x(r), W
u
loc,r(x) = D
u
x(r),
for every r ∈ (0, 1]. Finally, we may assume that φ is transverse to the smooth hypersurfaces
∂Dux(1)×Dsx(1) and Dux(1)× ∂Dsx(1)
and each orbits intersects them at most once.
The Morse-Smale condition has a number of standard consequences:
(MS-1) For every stationary point x the set W u(x) \W u(x) is the union of the unstable
manifolds of some stationary points y with ind(y) < ind(x). In particular, the sets
W uk :=
⋃
x∈stat(φ)
ind(x)=k
W u(x), k = 0, 1 . . . , n,
form a smooth stratification of M , meaning that {W uk }nk=1 is a partition of M , each
W uk is a smooth submanifold of M of dimension k, and for every h ∈ {1, . . . , n}
we have
W uh \W uh ⊂
⋃
0≤k<h
W uk ,
where the set on the right-hand side is closed. Analogous facts hold for the stable
manifolds.
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(MS-2) Up to reducing the size of the neighborhoods Dx(1), we may assume that
φ([0,+∞)×Dx(1)) ∩Dy(1) = ∅
whenever x and y are distinct stationary points of φ with ind(y) ≥ ind(x).
We conclude this section by proving two consequences of the Morse-Smale condition,
whose proofs uses the continuity of the graph transform in the C1 topology.
Proposition 3.1. Let x, y be stationary points of φ and let (ph) be a sequence in W
u(x)
which converges to some p in W u(y). Then for each h ∈ N there exist a linear subspace Vh
of TphW
u(x) of dimension ind(y) such that the sequence (Vh) converges to TpW
u(y).
Proof. By property (MS-1) above we have ind(y) ≤ ind(x) with equality if and only if
y = x. We argue by induction on ind(x)− ind(y).
If ind(x)− ind(y) = 0, then y = x and Vh := TphW u(x) converges to TpW u(x) because
W u(x) is an embedded submanifold.
We assume the claim to be true when ind(x) − ind(y) < k for some k ≥ 1, and we
consider the case ind(x) − ind(y) = k. It is enough to construct the linear subspaces
with the desired asymptotic behaviour for a subsequence of (ph). Up to applying φ
−t for t
sufficiently large, we may assume that the sequence (ph) belongs to the closed neighborhood
Dy(1) of y. Since ph is not in the unstable manifold of y, we can find th ≥ 0 so that
qh := φ
−th(ph) ∈ Duy (1)× ∂Dsy(1).
Since (ph) converges to a point in the unstable manifold of y, the sequence (th) tends
to +∞. Up to replacing (ph) with a subsequence, the sequence (qh) converges to some
q ∈ Dy((1). The limiting point q must belong to W s(y), because any the forward orbit of
any other point in Dy(1) eventually leaves Dy(1) and (th) is unbounded.
Let z be the stationary point of φ such that q belongs to W u(z). Being in Duy (1) ×
∂Dsy(1), q does not coincide with y, so by the Morse-Smale assumption ind(z) > ind(y).
Therefore, ind(x)− ind(z) < k and by the inductive assumption we can find a sequence of
linear subspaces Wh ⊂ TqhW u(x) of dimension ind(z) which converges to TqW u(z).
By the transversality of W u(z) and W s(y) in q we can find a linear subspace V of
TqW
u(z) such that
V ∩ TqW s(y) = {0} and TqM = V ⊕ TqW s(y).
Since V is a direct summand of the tangent space to W s(y), its forward evolution with
respect to the linearized flow tends to TyW
u(y), that is
dφt(q)V → TyW u(y) for t→ +∞,
see e.g. [AM03][Theorem 2.1 (iii)]. In particular, we can find T ≥ 0 such that dφT (q)V is
the graph of a linear mapping from Euy to E
s
y of operator norm at most 1/3. Up to the
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choice of a larger T , we can also assume that φT (q) belongs to Ey(1/3). The sequence of
linear subspaces
dφT (qh)Wh ⊂ TφT (qn)W u(x)
converges to dφT (q)V . Therefore, when h is large enough the space dφT (qh)Wh is the graph
of a linear mapping Lh : E
u
y → Esy of operator norm at most 1/2. If h is large enough we
also have T ≤ th and hence φT (qh) belongs to Ey(1).
Let (uh, sh) ∈ Duy (1)×Dsy(1) be the components of φT (qh) in the splitting Euy ×Esy. We
have the convergence
(uh, sh)→ (u, s) = φT (q).
Since ‖s‖ ≤ 1/3 and ‖Lh‖ ≤ 1/2, the map
σh(u) := sh + Lh(u− uh)
belongs to Lip1(D
u
y (1), D
s
y(1)) when h is large enough. Up to a subsequence, (σh) converges
in the C1-topology to a map
σ(u) = s+ L(u− u),
where the operator norm of L is at most 1/2. By the continuity of the graph transform
Γφ : Lip1 ∩ Ck(Duy (1), Dsy(1)) −→ Lip1 ∩ Ck(Duy (1), Dsy(1)),
which is proved in Proposition 2.1, we deduce that Γφ(th−T, σh) converges to Γ(+∞, σ) =
σ∞ in the C1-topology, where
graphσ∞ = W uloc,1(y) = W
u(y) ∩Dy(1).
Together with the chain of identities
dφth(qh)Wh = dφ
th−T (φT (qh))dφT (qh)Wh = dφth−T (φT (qh)) graphLh
= dφth−T (φT (qh)) graph dσh(uh) = dφth−T (φT (qh))TφT (qh)graphσh
= Tφth (qh)φ
th−T (graphσh) = Tphgraph Γφ(th − T, σh)
= graph dΓφ(th − T, σh)(P uph)
where P u denotes the projection onto Euy in the splitting Ey = E
u
y × Esy, we obtain that
(dφth(qh)Wh) converges to
graph dσ∞(P up) = Tp graphσ∞ = TpW u(y),
and dφth(qh)Wh ⊂ TphW u(x) is the required sequence of linear subspaces.
A corollary of the above result is that in a Morse-Smale gradient-like flow the intersec-
tions of stable and unstable manifolds of pairs of stationary points are uniformly transverse.
In order to clarify this statement, we need to recall how transversality can be measured
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quantitatively. Let V and W be linear subspaces of an n-dimensional Euclidean space with
dimV + dimW ≥ n. Then we set
T (V,W ) := max
V0 subspace of V
W0 subspace of W
dimV0+dimW0=n
min
v∈V0\{0},
w∈W0\{0}
ang(v, w) ∈ [0, pi/2],
where ang(v, w) ∈ [0, pi] denotes the angle between the two non-vanishing vectors v and
w. The function T has the good properties which are required by a function measuring
transversality of two linear subspaces:
(T -1) T (V,W ) = T (W,V );
(T -2) T (V,W ) > 0 if and only if V and W are transverse;
(T -3) the function T is continuous in the Grassmannian topology;
(T -4) if V ⊂ V ′ then T (V,W ) ≤ T (V ′,W ).
By using a Riemannian metric on M , the function T can be extended to pairs of linear
subspaces of the tangent spaces of M . We can now state the corollary about the uniformity
of transversality for Morse-Smale gradient-like flows:
Corollary 3.2. The positive function
M → [0, pi/2], p 7→ T
(
TpW
u(x(p)), TpW
s(y(p))
)
,
where x(p) and y(p) are the unique stationary points such that p ∈ W u(x(p)) ∩W s(y(p)),
is lower semicontinuous. In particular, this function assumes a positive minimum on the
compact manifold M .
Proof. Let (ph) ⊂ M be a sequence converging to some p ∈ M . Up to a subsequence, we
may assume that there are two stationary points x and y such that x(ph) = x and y(ph) = y
for all h ∈ N. Let x′ and y′ be the stationary points such that p ∈ W u(x′) ∩W s(y′). By
Proposition 3.1 there are sequences of subspaces V uh ⊂ TphW u(x) and V sh ⊂ TphW s(y) such
that
V uh → TpW u(x′) and V sh → TpW s(y′).
Then
T
(
TphW
u(x), TphW
s(y)
)
≥ T (V uh , V sh ),
and, since the latter quantity converges to T (TpW u(x′), TpW s(y′)), we obtain
lim inf
h→∞
T
(
TphW
u(x), TphW
s(y)
)
≥ T
(
TpW
u(x′), TpW s(y′)
)
.
This proves the lower semicontinuity.
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4 Stable and unstable foliations
Let x be a stationary point of φ of Morse index k. Let Σ be a smooth hypersurface in M
that is transverse to the flow φ and meets the stable manifold W s(x) transversally at some
stable sphere ∂Dsx(r), 0 < r ≤ 1. Up to reducing the size of Σ, it is easy to endow it with
a smooth foliation
{Lu(q)}q∈∂Dsx(r)
consisting of k-dimensional open embedded disks such that each Lu(q) meetsW s(x) transver-
sally at q. If we evolve Σ and its foliation by the flow φ we obtain - after possibly reducing
the size of Σ and its foliating disks - a smooth invariant foliation
{Lu(q)}q∈W s(x)\{x}
of an invariant neighborhood of W s(x)\{x}. Here, the leaf Lu(q) meets W s(x) transversally
at q. By using the graph transform one can show that the leaves Lu(q) tend to the unstable
manifold W u(x) for q → x, and hence one can set L(x) := W u(x) and obtain an invariant
foliation of an invariant neighborhood U of W u(x) ∪W s(x). This foliation
{Lu(q)}q∈W s(x)
is known as an unstable foliation for x, and U can be called an invariant tubular neighbor-
hood of W s(x), as it carries a retraction
pis : Ux → W s(x)
mapping the point of each leaf Lu(q) into its base points q ∈ W s(x). In general, this
unstable foliation is not smooth at the points of W u(x), but it turns out to be a partially
smooth foliation in the sense of Definition 1.1. By inverting the time arrow, one obtains
stable foliations
{Ls(p)}p∈Wu(x)
on a tubular neighborhood U of W u(x). Such a stable foliation can be chosen to be smooth
on U \W s(x), but will be just a partially smooth foliation on the whole U .
In the next section, we will construct stable foliations on tubular neighborhoods Ux
of W u(x) for each stationary point x of φ in such a way that each stable foliation of
dimension k refines all the other stable foliations of dimension k′ > k. These foliations
will be constructed inductively on the Morse index, starting from the stationary points of
index 0. The lack of smoothness of the stable foliation of Ux at points sitting on W
s(x)
will propagate in this inductive construction, so that when ind(y) > ind(x) the stable
foliation on Uy will not be smooth outside of W
s(y), but will be nevertheless a partially
smooth foliation. This explains the regularity assumptions in the next definition and in
the subsequent proposition.
Definition 4.1. Let x be a stationary point of φ with Morse index k. An invariant tubular
neighborhood of W s(x) consists of an invariant open neighborhood U of W s(x) together
with a continuous retraction pis : U → W u(x) such that:
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(i) The fibers of pis, which are denoted by
Lu(q) := (pis)−1({q}), q ∈ W s(x),
form a partially smooth k-dimensional foliation L u of U . Each leaf Lu(q) is trans-
verse to W s(x) at the point q. This foliation is called unstable foliation and its leaves
unstable leaves.
(ii) The unstable foliation is invariant under the flow φ. More precisely:
φt(Lu(q)) = Lu(φt(q)) ∀t ∈ R, ∀q ∈ W s(x).
In particular, Lu(x) = W u(x).
By reversing the role of time, we obtain the definition of invariant tubular neighborhood
piu : U → W u(x)
of W u(x) and of stable foliation
L s = {Ls(p)}p∈Wu(x) = {(piu)−1({p})}p∈Wu(x).
Notice that, by invariance, the neighborhood U of W s(x) (or of W u(x)) in the above
definition is actually a neighborhood of W u(x) ∪W s(x). By reducing the invariant neigh-
borhood U , one can of course obtain that the leaves Lu(q) (or Ls(p)) are diffeomorphic to
open disks, but we do not require this in the above definition.
The existence of invariant tubular neighborhoods and of the corresponding stable fo-
liations with some further compatibility properties will be established in the next section
by using the following results.
Proposition 4.2. Let U˜ be an invariant open neighborhood of W s(x)\{x} that is contained
in M \W u(x) and let
{Lu(q)}q∈W s(x)\{x}
be a φ-invariant k-dimensional partially smooth foliation of U˜ such that each leaf Lu(p) is
transverse to W s(x) at q. Set
U := U˜ ∪W u(x), Lu(x) := W u(x).
Then U is an invariant tubular neighborhood of W s(x) with the retraction
pis : U → W s(x), p 7→ q if p ∈ Lu(q),
and the unstable foliation
L u := {Lu(q)}q∈W s(x).
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Proof. We have to prove that the invariant set U is open and that L u is a partially smooth
foliation of it. Indeed, once this is proven the continuity of the retraction pis follows from
the fact that each leaf Lu(q) is transverse to W s(x) at q.
By assumption, L u restricts to a partially smooth foliation of U˜ , so we just need to
consider a point p ∈ W u(x) and show that a U contains an open neighborhood of p and
L u is a partially smooth foliation on this neighborhood. By the flow invariance, we may
move p on its φ-orbit and assume that it is arbitrarily close to x.
Recall that we are identifying a neighborhood of x with the product Dx(1) = D
u
x(1)×
Dsx(1), where D
u
x(1) resp. D
s
x(1) is the unit ball in the unstable space E
u
x resp. stable space
Esx, in such a way that
W u(x) ∩Dx(1) = Dux(1)× {0}, W s(x) ∩Dx(1) = {0} ×Dsx(1).
We claim that there is a number 0 < r < 1/2 such that for every q ∈ Dsx(r) the
intersection of the leaf Lu(q) with Dx(2r) is the graph of a smooth map
σq : D
u
x(2r)→ Dsx(2r)
that is 1/2-Lipschitz and satisfies σq(0) = q.
This is obviously true for q = 0, as we can take σ0 to be the zero map. Any other
q ∈ Dsx(1) is the evolution for some non-negative time of some q0 ∈ ∂Dsx(1). By assumption,
the tangent space of Lu(q0) at q0 is a k-dimensional subspace of E
u
x ×Esx that is transverse
to (0)×Esx. This fact implies that the evolution of this space under the differential of the
flow converges to the unstable space Eux for t→ +∞:
dφt(q0)Tq0L
u(q0)→ Eux × (0) for t→ +∞,
see for instance [AM03, Theorem 2.1]. This convergence is uniform in q0 ∈ ∂Dsx(1). There-
fore, the invariance property of the foliation {Lu(q)}q∈W s(x)\{x} implies that there exists a
positive number r1 < 1 such that for every q ∈ Dsx(r1) \ {0} the tangent space of Lu(q) at
q is the graph of a linear map from Eux to E
s
x of operator norm smaller than 1/3. Then
the germ at q of each leaf Lu(q), q ∈ Dsx(r1) \ {0}, is the graph of a smooth map from a
small disk around 0 in Eux into a small disk around 0 in E
s
x that is 1/2-Lipschitz. By using
standard results on how the flow near the hyperbolic stationary point x acts on Lipschitz
graphs, we obtain the claim (see e.g. [Shu87][Lemma 5.6] or [AM01][Addendum A.5]).
By the claim,
Lu(q) ∩Dx(2r) = {(p, σq(p)) | p ∈ Dux(2r)}, ∀q ∈ Dsx(r).
Denote by
τ : Dsx(r)→ [0,+∞]
the continuous function that is defined by
φ−τ(q) ∈ ∂Dsx(r) ∀q ∈ Dsx(r) \ {0}, τ(0) := +∞.
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By the flow invariance, we have
σq = Γ(τ(q), σφ−τ(q)(q)) ∀q ∈ Dsx(r) \ {0},
where Γ denotes the graph transform on 1-Lipschitz maps from Dux(2r) to D
s
x(2r). More-
over,
σ0 = 0 = Γ(+∞, σq) ∀q ∈ Dsx(r).
By the admissibility of the foliationL near ∂Dsx(r) and by regularity property of the graph
transform that is stated in Proposition 2.1 (iv), the map
Dux(2r)×Dsx(r)→ Dsx(2r), (p, q) 7→ σq(p),
is continuous, infinitely differentiable in the first variable p ∈ Dux(2r) and all its partial
differentials dhσq(p) in this variable are continuous on D
u
x(2r) × Dsx(r). Therefore, the
homeomorphism
(p, q) 7→ (p, σq(p))
is a partially smooth parametrization of the foliation L u at every point in the interior of
Dux(2r), as in Remark 1.5.
Let x be a stationary point of index k and let
piu : U → W u(x) and pis : U ′ → W s(x)
be invariant tubular neighborhoods of W u(x) and W s(x), respectively, with stable and
unstable foliations
L s = {Ls(p)}p∈Wu(x) and L u = {Lu(p)}q∈W s(x).
We assume the unstable foliation L u to be smooth on U ′ \W u(x), whereas L s is just
assumed to be partially smooth. Our aim now is to show that these two invariant foliations
define a product structure on an invariant open subset of U ∩ U ′, that allow us to identify
this set with an open subset of W u(x)×W s(x).
Arguing as in the proof of Proposition 4.2, we find a small positive number r < 1/2
such that:
(σ-1) For every q ∈ Dsx(r) the intersection of Lu(q) with Dx(2r) is the graph of a smooth
map
σuq : D
u
x(2r)→ Dsx(2r)
that is 1/2-Lipschitz and satisfies σuq (0) = q.
(σ-2) For every p ∈ Dsx(r) the intersection of Ls(p) with Dx(2r) is the graph of a smooth
map
σsp : D
s
x(2r)→ Dux(2r)
that is 1/2-Lipschitz and satisfies σsp(0) = p.
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Fix p ∈ Dux(r) and q ∈ Dsx(r). Being graphs of maps with Lipschitz constant smaller
than 1, the graphs of σup and σ
s
q have a unique intersection point, that we denote by
[p, q] := graph(σup ) ∩ graph(σsq) ∈ Dx(2r).
In other words, [p, q] denotes the unique intersection point of the leaves Lu(p) and Ls(q)
in Dx(2r). The map
Dux(r)×Dsx(r)→M, (p, q) 7→ [p, q], (6)
is easily seen to be a homeomorphism onto its image. We denote by V0 the open set
V0 := {[p, q] | (p, q) ∈ int(Dux(r))× int(Dsx(r))},
and by V the invariant open set that is generated by V0:
V := φ(R× V0).
The map (6) extends by dynamical continuation to the invariant set V : The set
Ω := {(φt(p), φt(q)) | (p, q) ∈ int(Dux(r))× int(Dsx(r)), t ∈ R}
is an open neighborhood of (W u(x) × {x}) ∪ ({x} ×W s(x)) in W u(x) ×W s(x) and the
identity
[φt(p), φt(q)] = φt([p, q]) ∀(p, q) ∈ int(Dux(r))× int(Dsx(r)), t ∈ R,
defines a homeomorphism
Ω→ V, (p, q) 7→ [p, q], (7)
which is a conjugacy between the diagonal flow φt × φt on Ω and the flow φ on V . This
map is said to be a product structure on V
It is useful to have a better understanding of the open set Ω. To this purpose, we define
the function
τu : W u(x)→ [−∞,+∞)
by
τu(p) := inf{t ∈ R | p ∈ φt(Dux(r))}. (8)
The function τu is continuous, smooth on W u(x)\{x} and satisfies the following conditions:
τu(p) = −∞ ⇔ p = x, Dux(r) = {p ∈ W u(x) | τu(p) ≤ 0}, τu(φt(p)) = τu(p) + t,
for every p ∈ W u(x) and t ∈ R. Similarly, we introduce the function
τ s : W s(x)→ (−∞,+∞], τ s(q) := sup{t ∈ R | q ∈ φt(Dsx(r))}, (9)
which is continuous, smooth on W s(x) \ {x}, and satisfies
τ s(q) = +∞ ⇔ q = x, Dsx(r) = {q ∈ W s(x) | τ s(q) ≥ 0}, τ s(φt(q)) = τ s(q) + t,
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for every q ∈ W s(x) and t ∈ R. From the identity
int(Dux(r))× int(Dsx(r)) = {(p, q) ∈ W u(x)×W s(x) | τu(p) < 0 < τ s(q)}
we deduce that Ω has the form
Ω = {(p, q) ∈ W u(x)×W s(x) | τu(p) < τ s(q)}. (10)
The homeomorphism (7) is in general not differentiable. However, the fact that L u
is a smooth foliation outside W u(x) and that each leaf of L s is smooth implies that for
every p ∈ W u(x) the restriction
q 7→ [p, q]
is a smooth embedding from the punctured disk
{q ∈ W s(x) \ {x} | (p, q) ∈ Ω} = {q ∈ W s(x) | τu(p) < τ s(q) < +∞}
into M . Moreover, the fact that L s is a partially smooth foliation implies that the dif-
ferentials of every order in the variable q ∈ W s(x) of the map (7) are continuous on
Ω \ (W u(x)× {x}).
Building on the above facts, it is now easy to show that the stable leaves Ls(p) can
be further foliated into spheres of codimension one that are centered at the based point
p ∈ W u(x). More precisely, we have the following result.
Proposition 4.3. Let x be a stationary point of index k, let piu : U → W u(x) be an
invariant tubular neighborhood of W u(x) and let
L s = {Ls(p)}p∈Wu(x)
be the corresponding stable foliation, whose leaves have dimension n− k. Then there is an
invariant neighborhood V ⊂ U of x and an invariant partially smooth foliation
S s = {Ss(p, a)}(p,a)∈Λ
of V \ W u(x) into (n − k − 1)-dimensional spheres that refines the foliation L s and is
L s-smooth. Here, Λ is an open neighborhood of {x}×R in W u(x)×R and the invariance
property reads
φt(Ss(p, a)) = Ss(φt(p), a+ t), ∀(p, a) ∈ Λ, t ∈ R. (11)
Moreover, there is a one-parameter family of invariant open neighborhoods V (r), r ∈ (0, 1],
of x such that:
(i) V (1) = V ;
(ii) V (s) ⊂ V (r) ∪W u(x) ∪W s(x) if 0 < s < r ≤ 1;
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(iii)
⋂
r∈(0,1]
V (r) = W u(x) ∪W s(x);
(iv) each leaf of S s is either contained in V (r) or disjoint from it, for every r ∈ (0, 1].
Proof. Let pis : U ′ → W u(x) be a tubular neighborhood of W s(x) such that the associated
unstable foliation
L u = {Lu(q)}q∈W s(x)
is smooth on U ′ \W u(x). Let
[·, ·] : Ω→ V
be the product structure that the foliationsL u andL s induce on an open invariant subset
V of U∩U ′ containing x, as in the considerations above. Denote by τu and τ s the functions
that are defined in (8) and (9).
We consider a smooth invariant foliation of W s(x) \ {x} into (n − k − 1)-dimensional
spheres that are transverse to the flow, such as for instance
Ss(x, a) := φa(∂Dsx(r)) = {q ∈ W s(x) | τ s(q) = a}, a ∈ R.
By using the product structure, we extend it to a foliation of V \W u(x):
S s := {Ss(p, a)}(p,a)∈Λ, Ss(p, a) := {[p, q] | q ∈ Ss(x, a)} = {[p, q] | τ s(q) = a}, (12)
where
Λ := {(p, a) ∈ W u(x)× R | τu(p) < a}
is an open neighborhood of {x}×R in W u(x)×R. The regularity properties of the product
structure imply that S s is a partially smooth foliation and is L s-smooth. The conjugacy
property of the product structure implies that the foliation S s has the invariant property
(11).
By using the representation (10) for Ω, we can define the fundamental system of neigh-
borhoods V (r), r ∈ (0, 1], of W u(x) ∪W s(x) simply by
V (r) := {[p, q] | τu(p) < τ s(q) + log r}.
Properties (i)-(iv) immediately follow.
We conclude this section by constructing a suitable function on the invariant set V of
the above proposition which will be useful in Section 7.
Proposition 4.4. Keeping the notations of Proposition 4.3, there exists a continuous
function
ρ : V → [0,+∞)
with the following properties:
(i) ρ−1({0}) = W u(x).
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(ii) ρ diverges at every point in ∂V \W u(x).
(iii) ρ is constant on each leaf of S s.
(iv) The restriction of ρ to V \W u(x) is L s-smooth. Moreover, if the foliation L s is L ′-
smooth with respect to some other foliation L ′ that is refined by L s, then ρ|V \Wu(x)
is L ′-smooth.
(v) The restriction of ρ to each punctured leaf Ls(p) \ {p}, p ∈ W u(x), has no critical
points.
(vi) ρ is differentiable along the flow φ and the identity
d
dt
ρ ◦ φt
∣∣∣
t=0
= −ρ
holds on V .
Proof. The proof makes again use of the product structure (7) on V and the functions τu
and τ s that have been introduced before Proposition 4.3. Let σ : (0,+∞)→ [0,+∞) be a
smooth function such that
lim
s→0
σ(s) = +∞, σ(s) = 0 ∀s ≥ 1, σ′(s) ≤ 0 ∀s > 0.
We extend σ to a continuous function on [0,+∞] by setting
σ(0) := +∞ and σ(+∞) = 0.
By (10), the difference τ s(q)− τu(p) is positive on Ω, so the function
ρ˜ : Ω→ [0,+∞), ρ˜(p, q) = exp(−τ s(q) + σ(τ s(q)− τu(p))).
is well defined and continuous. We define the continuous function ρ : V → [0,+∞) by
using the product structure:
ρ([p, q]) = ρ˜(p, q).
The argument of the exponential function defining ρ˜ is −∞ if and only if τ s(q) = +∞,
that is, if and only if q = x. This shows that the non-negative function ρ˜ vanishes precisely
at W u(x)× {x}, and hence ρ satisfies (i). If a sequence (ph, qh) ⊂ Ω converges to a point
in ∂Ω then (τ s(qh) − τu(ph)) is infinitesimal and (τ s(qh)) converges (see again (10)). By
the properties of σ, ρ˜(pn, qn) tends to +∞ and hence ρ satisfies (ii). The fact that ρ˜ is a
function of τu and τ s and the form (12) of the leaves of S s implies (iii). The function ρ˜
is smooth on Ω \ (W u(x) × {x}), so the regularity of the product structure implies that
ρ is L s-smooth on V \ W u(x), as claimed in (iv). For the same reasons, this function
inherits any further smoothness property that the foliation L s might have. For every
p ∈ W u(x), the punctured leaf Ls(p) \ {p} is the image by the product structure of the
(n− k)-dimensional punctured disk
{p} × {q ∈ W s(x) | τu(p) < τ s(q) < +∞}, (13)
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which is foliated by the one-parameter family of spheres
{p} × {q ∈ W s(x) | τ s(q) = a}, a ∈ (τu(p),+∞).
The value of ρ˜ on each of the above spheres is
exp(−a+ σ(a− τu(p)))
and differentiation in a yields
(−1 + σ′(a− τu(p))) exp(−a+ σ(a− τu(p))).
Since σ′ ≤ 0, the above number is strictly negative. This implies that the restriction of ρ˜ to
the punctured disk (13) has no critical points and hence (v) holds. By using the properties
(8) and (9) of the functions τu and τ s we obtain
ρ˜(φt(p), φt(q)) = exp
(−τ s(q)− t+ σ(τ s(q)− τu(p))),
so differentiation in t yields
d
dt
ρ˜(φt(p), φt(q))
∣∣∣
t=0
= − exp(−τ s(q) + σ(τ s(q)− τu(p))) = −ρ˜(p, q).
Then (vi) follows from the fact that the product structure conjugates the diagonal flow
φt × φt on Ω with the flow φ on V .
Remark 4.5. Statement (i) of this proposition, together with the continuity of piu and ρ,
implies that for every p ∈ W u(x) and every neigborhood N of p in M we can find an open
neighborhood P of p in W u(x) and a positive number  such that the open set
ρ−1([0, )) ∩
⋃
p′∈P
Ls(p′)
is contained in N .
5 Stable foliations with the refinement property
The main result of this section is the following existence result for stable foliations L sx
for each stationary point x with some further compatibility properties, saying that L sx is
refined by a foliationS sx into spheres, as in Proposition 4.3, and that when ind(x) ≥ ind(y)
the foliation L sx refines the foliation S
s
y .
Theorem 5.1. For every stationary point x there are:
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(i) An invariant tubular neighborhood
piux : Ux → W u(x)
of W u(x) with associated stable foliation
L sx := {Lsx(p}p∈Wu(x).
Here, Ux is contained in φ(R×Dx(1)).
(ii) A partially smooth foliation S sx of Ux \W u(x) into (n− k− 1)-dimensional spheres,
where k = ind(x), that refines L sx and is L
s
x -smooth. Each leaf of S
s
x is transverse
to the unstable manifold of every stationary point of φ.
(iii) A one-parameter family {Ux(r)}r∈(0,1] of invariant open neighborhoods of x such that
Ux(1) = Ux, Ux(s) ⊂ Ux(r) ∪W u(x) ∪W s(x) for all 0 < s < r ≤ 1,⋂
r∈(0,1]
Ux(r) = W
u(x) ∪W s(x),
and for every r ∈ (0, 1] each leaf of S sx is either fully contained in or disjoint from
Ux(r).
Moreover, these objects satisfy the following compatibility condition:
(iv) If x and y are stationary points with ind(x) ≥ ind(y), then the foliation L sx refines
the foliation S sy and is S
s
y -smooth.
In the case of two distinct stationary points x and y of the same index, the refinement
property stated in (iv) implies that Ux and Uy are disjoint (this follows also from (MS-2),
together with the fact that Ux is contained in the flow evolution of Dx(1)). Together with
(ii), the same property implies that if ind(x) ≥ ind(y) then the foliation L sx refines the
foliation L sy and is L
s
y -smooth.
The foliations appearing in Theorem 5.1 are constructed inductively starting from the
stationary points of index 0. If x is such a stationary point then W s(x) is an invariant
open set, and we just set
Ux = Ux(r) := W
s(x) ∀r ∈ (0, 1], piux(p) := x ∀p ∈ W s(x).
Then (Ux, pi
u
x) is an invariant tubular neighborhood of W
u(x) = {x}. The corresponding
stable foliation has only the leaf, namely W s(x). The set Ux \ W u(x) = W s(x) \ {x}
has a smooth invariant foliation into embedded spheres that is obtained by choosing one
smoothly embedded (n− 1)-dimensional sphere Ssx ⊂ W s(x) \ {x} that is transverse to the
flow φ - for instance Ssx := ∂D
s
x(1) - and by letting it evolve by φ. With this choices, the
properties stated in (i), (ii) and (iii) hold trivially, wheras (iv) holds vacuously.
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Arguing inductively, we now fix a natural number 0 < k ≤ n, a set of rest points Y
which contains all the stationary points of index smaller than k plus possibly some of index
k, and we assume that for each y ∈ Y we have defined the invariant tubular neighborhood
piuy : Uy → W u(y) with stable foliations L sy , the foliations S sy and the one-parameter
families of neighborhoods {Uy(r)}r∈(0,1] in such a way that the conditions stated in (i), (ii),
(iii) and (iv) hold. We then fix a stationary point x of index k that is not in Y . Our aim
is to prove the following result.
Proposition 5.2. There are:
(i) An invariant tubular neighborhood
piux : Ux → W u(x)
of W u(x) with associated stable foliation
L sx := {Lsx(p}p∈Wu(x).
Here, Ux is contained in φ(R×Dx(1)).
(ii) A partially smooth foliation S sx of Ux \W u(x) into (n− k− 1)-dimensional spheres,
k = ind(x), that refines L sx and is L
s
x -smooth. Each leaf of S
s
x is transverse to the
unstable manifold of every stationary point of φ.
(iii) A one-parameter family {Ux(r)}r∈(0,1] of invariant open neighborhoods of x such that
Ux(1) = Ux, Ux(s) ⊂ Ux(r) ∪W u(x) ∪W s(x) for all 0 < s < r ≤ 1,⋂
r∈(0,1]
Ux(r) = W
u(x) ∪W s(x),
and for every r ∈ (0, 1] each leaf of S sx is either fully contained in or disjoint from
Ux(r).
Moreover, these objects satisfy the following condition:
(iv) For every y ∈ Y the foliation L sx refines the restriction of the foliation S sy to Uy(1/2)
and is S sy |Uy(1/2)-smooth.
Theorem 5.1 follows easily from successive applications of the above proposition. In-
deed, at each step one replaces the invariant neighborhoods Uy(r) by the smaller ones
Uy(r/2) for all y ∈ Y and thus obtains statement (iv) of Theorem 5.1 for all pairs of rest
points in Y ∪{x}. The remaining part of this section is devoted to the proof of Proposition
5.2.
As in Section 1, we shall use the notation Lsy(p) in order to denote the leaf of the
foliation L sy passing through p ∈ Uy(1). This will cause no confusion with our choice of
parametrizing the leaves of L sy = {Lsy(p)}p∈Wu(y) by points of W u(y), since the leaf Lsy(p)
for p ∈ W u(y) does indeed pass through p. Similarly, the symbol Ssy(p) will denote the leaf
of S sy passing through p ∈ Uy(1) \W s(y).
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Lemma 5.3. For every pair of stationary points y, y′ ∈ Y the map
p 7→ TpSsy(p)
is L sy′-smooth.
Proof. If y′ = y then the above map is L sy′-smooth because L
s
y′ = L
s
y is a partially smooth
foliation. A fortiori, this map isL sy′-smooth whenever ind(y
′) ≥ ind(y), because in this case
the foliation L sy′ refines the foliation L
s
y . Finally, assume that ind(y
′) < ind(y). In this
case, conditions (ii) and (iv) of Theorem 5.1 imply that the foliation L sy refines L
s
y′ and is
L sy′-smooth. This is equivalent to the fact that the map p 7→ TpSsy(p) is L sy′-smooth.
In order to simplify the notation, we set
W˙ u(x) := W u(x) \ {x}.
Consider the smooth function
τ : W˙ u(x)→ R, τ(p) := inf{t ∈ R | p ∈ φt(Dux(1))},
which satisfies
φ−τ(p)(p) ∈ ∂Dux(1), τ(φt(p)) = τ(p) + t ∀p ∈ W˙ u(x), ∀t ∈ R.
Then the map
W˙ u(x)× int(Dsx(1))→M, (p, q) 7→ φτ(p)(φ−τ(p)(p), q), (14)
is a diffeomorphism onto an open invariant subset U˜(1) of M . The pair in the argument
of φτ(p) refers to the identification of a neighborhood Dx(1) of x with D
u
x(1)×Dsx(1). This
map conjugates the restrictions of φ to U˜x(1) to the flow
(t, p, q) 7→ (φt(p), q)
on W˙ u(x) × int(Dsx(1)). For every s ∈ (0, 1], we denote by U˜x(s) the image of W˙ u(x) ×
int(Dsx(s)) by the map (14). By construction,
U˜x(s) ⊂ U˜x(s′) if 0 < s < s′ ≤ 1 and
⋂
s∈(0,1]
U˜x(s) = W˙
u(x).
By (MS-2), each point in U˜x(1) belongs to the stable manifold of some stationary point y
with ind(y) < ind(x) = k.
Denote by Z the set of all stationary points of φ of Morse index less than k. Then
Z ⊂ Y and Z \ Y consists of stationary points of index k other than x. Thanks to (MS-2)
and to the fact that Uy is contained in φ(R×Dy(1)) for every y ∈ Y \ Z, the set U˜x(1) is
disjoint from each Uy(1) with y ∈ Y \Z. The invariant sets Ux(r), r ∈ (0, 1], that we wish
to construct will be contained in the set U˜x(1) ∪W u(x), which is also disjoint from each
Uy(1) with y ∈ Y \ Z. Therefore, we will need to check property (iv) of Proposition 5.2
only for stationary points y belonging to Z.
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Lemma 5.4. If s is small enough then there exists a continuous φ-invariant Riemannian
metric g on U˜x(s) such that:
(i) For every y ∈ Z and every p ∈ W˙ u(x) ∩ Uy(3/4) the orthogonal complement of
TpW
u(x) is contained in TpS
s
y(p).
(ii) For every y ∈ Z the metric g is L sy -smooth.
Proof. Using the conjugacy (14), it is easy to construct a smooth φ-invariant metric ĝ
on U˜x(1), and we denote by P̂V the corresponding orthogonal projection onto a linear
subspace V ⊂ TpM , p ∈ U˜x(1). Using again the diffeomorphism (14), we extend the
smooth φ-invariant map
p 7→ P̂TpWu(x), p ∈ W u(x),
to a smooth φ-invariant map P̂x on U˜x(1) such that P̂x(p) is a ĝ-orthogonal projector on
TpM for every p ∈ U˜x(1). We fix a φ-invariant smooth partition of unity {ϕy}y∈Z on U˜x(1)
such that for every y ∈ Z we have
suppϕy ⊂ Uy(1) \
⋃
ind(y)<ind(z)<k
Uz(3/4). (15)
A set of functions as above can be defined by choosing χy : Uy(1) → [0, 1], y ∈ Z,
to be a smooth φ-invariant function taking the value 1 on Uy(3/4) and the value 0 on
Uy(1) \ Uy(4/5), by extending it to a smooth function on U˜x(1) giving it the value 0 on
U˜x(1) \ Uy(1), and by setting
ϕy := χy ·
∏
ind(y)<j<k
(
1−
∑
ind(z)=j
χz
)
.
For each p ∈ U˜x(1) we define the following linear endomorphism of TpM
S(p) := P̂x(p) +
∑
y∈Z
ϕy(p)P̂TpSsy(p).
Each S(p) is self-adjoint and semi-positive with respect to the metric ĝ and, as a map, S
is L sz -smooth for every z ∈ Z, because P̂x and the partition of unity are smooth and each
map p 7→ P̂TpSsy(p) is L sz -smooth thanks to Lemma 5.3. If p belongs to W˙ u(x) and u is a
vector in TpM and ‖ · ‖ is the norm that is induced by ĝ, we have the identity
ĝ(S(p)u, u) =
∥∥∥P̂TpWu(x)u∥∥∥2 +∑
y∈Z
ϕy(p)
∥∥∥P̂TpSsy(p)u∥∥∥2.
Thanks to the fact that the spheres Ssy(p) are transverse to W
u(x) (see statement (ii)
in Theorem 5.1) and that ϕy(p) > 0 for at least one y ∈ Z, the above identity implies
that S(p) is positive for every p ∈ W˙ u(x). Therefore, S(p) is positive for every p in a
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neighborhood of the compact set ∂Dux(1) and, by the φ-invariance, it is positive for every
p in U˜x(s) provided that s is small enough.
We fix such a small s and define the metric g on U˜x(s) as
g(u, v) := ĝ(S(p)−1u, v) ∀u, v ∈ TpM.
The metric g is φ-invariant and satisfies (ii). Thanks to (15), in the last sum in the definition
of S(p) only stationary points y ∈ Z whose index is at least ind(z) may appear. Since the
foliation S sy refines the foliation S
s
z for all rest points z ∈ Z with ind(y) ≥ ind(z), we
have the inclusion
TpS
s
y(p) ⊂ TpSsz(p)
for all y ∈ Z such that ϕy(p) > 0. We deduce that for such a stationary point y, the
projector P̂TpSsy(p) vanishes on the orthogonal complement V of TpS
s
z(p) with respect to the
metric ĝ. The orthogonal complement of TpS
s
z(p) with respect to the metric g is then the
subspace
S(p)V = P̂TpWu(x)V,
which is contained in TpW
u(x). By passing to the g-orthogonal spaces, we deduce that the
g-orthogonal complement of TpW
u(x) is contained in TpS
s
z(p), as claimed in (i).
Let s ∈ (0, 1] be small enough so that U˜x(s) carries a Riemannian metric g with the
properties stated in the above lemma. The orthogonal projector onto a linear subspace
V ⊂ TpM , p ∈ U˜x(s), with respect to g will be denoted by PV .
By using the diffeomorphism (14), we can construct smooth φ-invariant vector fields
v˜1, . . . , v˜n−k on U˜x(s) such that for each p ∈ W˙ u(x) the vectors v˜1(p), . . . , v˜n−k(p) span the
g-orthogonal complement of TpW
u(x) in TpM .
Arguing as in the proof of Lemma 5.4, we can find a φ-invariant smooth partition of
unity {ϕy}y∈Z on U˜x(s) such that for each y ∈ Z
suppϕy ⊂ Uy(3/4) \
⋃
ind(y)<ind(z)<k
Uz(1/2). (16)
We define the φ-invariant vector fields v1, . . . , vn−k on U˜x(s) as
vj(p) :=
∑
y∈Z
ϕy(p)PTpSsy(p)v˜j(p) ∀p ∈ U˜x(s).
Condition (16) and the fact that the foliations S sy , y ∈ Z, refine each other imply that
each vector field vj satisfies
vj(p) ∈ TpSsy(p) ⊂ Lsy(p) ∀p ∈ U˜x(s) ∩ Uy(1/2), ∀y ∈ Z. (17)
This fact and the regularity properties of the foliations S uy and of the metric g that are
stated in Lemmas 5.3 and 5.4 imply that each vj is a partially smooth vector field with
respect to the foliation L sy |Uy(1/2), for every y ∈ Z. Finally, the fact that each ϕy is
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supported in Uy(3/4) and condition (i) of Lemma 5.4 imply that for every p ∈ W˙ u(x) the
operator ∑
y∈Z
ϕy(p)PTpSsy(p)
is the identity on the orthogonal complement of TpW
u(x) in TqM and thus the vectors
vj(p) = v˜j(p) form a basis of this orthogonal complement.
Thanks to the discussion at the end of Section 1, each vector field vj has a well-defined
continuous maximal local flow, which we denote by
φvj : dom(φvj)→ U˜x(s), dom(φvj) ⊂ R× U˜x(s),
and which preserves the leaves of every foliation S sy |Uy(1/2), y ∈ Z, and is R×L sy |Uy(1/2)-
smooth. The fact that the vector fields vj are φ-invariant implies that their flows commute
with the flow φ.
We can use the local flows φvj to construct the following map ψ on a subset dom(ψ) of
Rn−k × W˙ u(x):
ψ : dom(ψ)→M, ψ(t1, . . . , tn−k, p) := φtn−kvn−k ◦ · · · ◦ φt1v1(p),
Here, dom(ψ) is the maximal subset of Rn−k × W˙ u(x) on which the above composition is
defined. By the local flow properties of the maps φvj , dom(ψ) is an open neighborhood of
{0} × W˙ u(x). Moreover, the fact that the flows φvj commute with the flow φ imply that
dom(ψ) is invariant with respect to the flow idRn−k × φ and that ψ conjugates the latter
flow with φ:
φt ◦ ψ(t1, . . . , tn−k, p) = ψ(t1, . . . , tn−k, φt(p)) ∀t ∈ R, (t1, . . . , tn−k, p) ∈ dom(ψ). (18)
The domain of ψ is covered by the open sets{
Rn−k × (Uy(1/2) ∩ W˙ u(x))}y∈Z ,
each of which carries the partially smooth foliations
Ŝ sy :=
{
Ŝsy(p, r) := dom(ψ) ∩
(
Rn−k × (Ssy(p, r) ∩ W˙ u(x)))}(p,r)∈Wu(y)×(0,1/2),
L̂ sy :=
{
L̂sy(p) := dom(ψ) ∩
(
Rn−k × (Lsy(p) ∩ Uy(1/2) ∩ W˙ u(x)))}p∈Wu(y).
Since each φvj preserves the leaves of S
s
y for every y ∈ Z, the map ψ satisfies
ψ
(
Ŝsy(p, r)
) ⊂ Ssy(p, r) ∀(p, r) ∈ W u(y)× (0, 1/2), ∀y ∈ Z. (19)
Moreover, the smoothness properties of the flows φvj and the smoothness of compositions
that we discussed in Section 1 implies that ψ is smooth with respect to all the above folia-
tions. In particular, ψ is infinitely differentiable in (t1, . . . , tnk) ∈ Rn−k and the differentials
of every order in these variables are continuous on dom(ψ). Differentiation at points in
{0} × W˙ u(x) yields
∂tjψ(0, p) = vj(p) ∀j ∈ {1, . . . , n− k}, p ∈ W˙ u(x). (20)
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Lemma 5.5. There is an open neighborhood Ω of {0}× W˙ u(x) in dom(ψ) that is invariant
with respect to the flow idRn−k × φ and on which ψ is a homeomorphism.
Proof. We first prove that ψ is a local homeomorphism at every point of the form (0, p) ∈
Rn−k × W˙ u(x). Let p ∈ W˙ u(x). Then p belongs to Uy(1/2) for a suitable stationary point
y ∈ Z, and hence (0, p) belongs to the domain of the foliation Ŝ sy . As discussed above,
ψ maps each leaf of Ŝ sy into a leaf of S
s
y and is smooth on each leaf, with all leafwise
differentials varying continuously on the domain of the foliation Ŝ sy . Moreover, (20) and
the fact that ψ(0, ·) is the identity on W˙ u(x) imply that the differential at (0, p) of the
restriction of ψ to the leaf of Ŝ sy through (0, p) is an isomorphism onto the tangent space
to the leaf of S sy through p. Then the parametric inverse mapping theorem implies that
ψ is a local homeomorphism at (0, p), as claimed.
Our next claim is that the compact set {0} × ∂Dux(1) has an open neighborhood Ω′ in
dom(ψ) such that the restriction of ψ to Ω′ is a homeomorphism onto an open subset of
M . In order to prove this fact, we fix an open neighborhood V of ∂Dux(1) in W
u(x) with
V ⊂ W˙ u(x), and we look at open sets Ω′ of the form
Ω′ = Bn−k × V,
where Bn−k denotes the open ball of radius  around 0 in Rn−k. Such a set Ω′ is contained
in dom(ψ) for  small enough. Moreover, the fact that ψ is a local homeomorphism at the
points in {0} × W˙ u(x) implies that ψ restricts to an open map on Ω′ for  small enough.
Therefore, it suffices to show that ψ is injective on Ω′ if  is small enough. This is an easy
consequence of the fact that ψ is a local homeomorphism at the points in {0}× W˙ u(x), on
which ψ is injective. Indeed, assume by contradiction that ψ is not injective on Ω′ for any
positive . Then we can find sequences (tj, pj) and (t
′
j, p
′
j) in Rn−k × V such that tj → 0,
t′j → 0, (tj, pj) 6= (t′j, p′j) and ψ(tj, pj) = ψ(t′j, p′j). Up to passing to suitable subsequences,
we may assume that pj → p and p′j → p′ for some p, p′ ∈ V ⊂ W˙ u(x). Then
p = ψ(0, p) = lim
j→∞
ψ(tj, pj) = lim
j→∞
ψ(t′j, p
′
j) = ψ(0, p
′) = p′.
The presence of the sequences (tj, pj) 6= (t′j, p′j) both converging to (0, p) = (0, p′) and
satisfying ψ(tj, pj) = ψ(t
′
j, p
′
j) contradicts the injectivity of ψ in a neighborhood of (0, p) =
(0, p′).
The desired open neighborhood Ω of {0} × W˙ u(x) is obtained by applying the flow
idRn−k×φ to Ω′. The resulting set Ω is invariant under this flow, and ψ is a homeomorphism
on it because it is a homeomorphism on Ω′ and thanks to (18).
By (20), the differential d1ψ(0, p) with respect to (t1, . . . , tn−k) ∈ Rn−k is injective for
every p ∈ W˙ u(x). Up to replacing the open set Ω by a smaller one, we may assume that
d1ψ(t, p) is injective for every (t, p) ∈ Ω. After identifying W˙ u(x) with Rk \ {0} by means
of a smooth diffeomorphism, we conclude that ψ is a partially smooth parametrization of
the foliation
L˜ sx :=
{
L˜sx(p) := ψ
(
Ω∩(Rn−k × {p}))}
p∈W˙u(x)
,
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which is then a (n− k)-dimensional partially smooth foliation of the open set
U˜ ′x := ψ(Ω).
Condition (18) guarantees that U˜ ′x is φ-invariant and so is the foliation L˜
s
x . Condition
(19) implies that L˜ sx refines the foliations S
s
y |Uy(1/2) for every y ∈ Z. By the regularity
properties of ψ, the foliation L˜ sx is L
s
y |Uy(1/2) for every y ∈ Z. Finally, (20) implies that
each leaf L˜sx(p) is transverse to W
u(x) at their unique intersection point p.
By Proposition 4.2 the invariant set
U ′x := U˜
′
x ∪W u(x)
is open and the foliation L˜ sx can be completed by adding the leaf W
u(x) to the stable
foliation L sx of a tubular neighborhood
piux : U
′
x → W u(x).
By Proposition 4.3 there is an open invariant set Ux ⊂ U ′x and a partially smooth invariant
foliation S sx of Ux \W u(x) into (n− k − 1)-dimensional spheres that refines the foliation
L sx and is L
s
x -smooth.
By the Morse-Smale assumption, the leaves of S sx that are contained in W
s(x) are
transverse to the unstable manifold of every stationary point of φ. This transversality
is actually uniform, as shown in Corollary 3.2. Therefore, up to reducing Ux even more,
we can assume that all the leaves of S sx are transverse to the unstable manifold of every
stationary point.
We rename piux to be the restriction of the same map to Ux and L
s
x to be the restriction
of the associated stable foliation to Ux. With these choices, the conditions stated in Propo-
sition 5.2 (i), (ii) and (iv) hold. Proposition 4.3 also gives us the existence of a family of
invariant open neighborhoods Ux(r), 0 < r ≤ 1, such that statement (iii) in Proposition
5.2 holds. This concludes the proof of this proposition, and hence of Theorem 5.1.
In Example 1.3 we have seen that there might be curves that are tangent to the leaves
of a partially smooth foliation but contained in none of them. The next results says that
this phenomenon does not happen for the foliations that are constructed in Theorem 5.1.
Proposition 5.6. The foliations L sx have the following property: each continuously dif-
ferentiable curve in Ux(1) that is tangent to the leaves of L sx is fully contained in one leaf.
The analogous fact holds for the foliations S sx .
Proof. Let I be an interval and γ : I → Ux(1) be a continuously differentiable map such
that γ˙(t) belongs to the tangent space to the leaf of L sx through γ(t) for every t ∈ I.
Consider the smooth stratification of M given by the stable manifolds:
W sj :=
⋃
z∈stat(φ)
ind(z)=n−j
W s(z), 0 ≤ j ≤ n, dimW sj = j.
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Let h be the largest integer such that γ(I)∩W sh 6= ∅ and notice that h ≥ n− ind(x) because
Ux(1) is covered by the stable manifolds of stationary points of index at most ind(x). Then
γ is a curve in ⋃
0≤j≤h
W sj ,
and since W sh is open in the latter set, the set of t ∈ I such that γ(t) ∈ W sh is a non-empty
open subset of I. Denote by J ⊂ I a maximal interval in this set. Then γ(J) is contained
in one connected component of W sh , that is, in the stable manifold of some stationary point
y with ind(y) = n− h ≤ ind(x).
By claim (iv) in Theorem 5.1, L sx refines the foliation L
s
y and is L
s
y -smooth. In
particular, L sx restricts to a smooth foliation of W
s(y) ∩ Ux(1). Theorefore, the curve
γ(J) ⊂ W s(y)∩Ux(1), which is tangent to the foliation L sx , is actually contained in a leaf
Lsx(p) of this foliation. The fact that each leaf of L
s
x is relatively closed in Ux(1) implies
that J has no boundary points in I. Since I is connected, we have I = J and γ(I) ⊂ Lsx(p).
The analogous claim for S sx easily follows. Indeed, any curve tangent to S
s
x is in
particular tangent to L sx , so by what we have shown above it is contained in a leaf of
L sx . Being L
s
x -smooth, the foliation S
s
x restricts to a smooth foliation of every leaf of L
s
x .
Therefore, the curve is contained in a leaf of S sx .
Theorem 2 in the Introduction follows immediately from Theorem 5.1 and the above
proposition.
Remark 5.7. In Section 1, we have seen that Cauchy problems induced by partially smooth
vector fields might not have uniqueness. However, the Cauchy problems for the vector fields
vj that we have constructed in this section do have unique solutions, albeit they need not be
Lipschitz-continuous. This follows easily from the fact that these vector fields are tangent to
the leaves of S sy |Uy(1/2), on which they are smooth, and from the property of these foliations
that is established in Proposition 5.6.
Remark 5.8. In what follows, it would be enough to have a version of Theorem 2 with
lower regularity on the foliations. Indeed, it would be enough to require the foliations to
have C1 leaves with tangent spaces varying continuously, and such that the restriction of
each foliation of dimension k to a leaf of a foliation of higher dimension is a genuine
C1 foliation. It is conceivable that compatible foliations with this lower regularity can be
constructed also assuming the flow to be of class C1. However, our approach would still
need some high regularity on the flow, namely a flow of class Cn−1, where n = dimM . The
reason is that our foliations are constructed by integrating vector fields that are obtained
from smooth ones by projection on the leaves that have already been built. Therefore, in
the inductive construction the vector fields we obtain have one degree of regularity less than
the leaves that have already been built.
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6 The flow near the boundary of an unstable manifold
Let x be a stationary point of φ of Morse index k. The aim of this section is to construct
a positively complete local flow θ near on the complement of a compact set in W u(x) all
of whose forward orbits θt(p) converge to some point in ωθ(p) in W u(x) \ W u(x), for a
suitable continuous map p 7→ ωθ(p). This flow will be induced by a continuous vector field
Y on W˙ u(x) := W u(x) \ {x}.
The points in W˙ u(x) belong to stable manifolds of stationary points of φ of index less
than k. Therefore, W˙ u(x) is covered by the φ-invariant open sets
Ui := W˙
u(x) ∩
⋃
y∈stat(φ)
ind(y)=i
Uy, i = 0, . . . , k − 1,
where Uy is the tubular neighborhood of the unstable manifold W
u(y) that is given by
Theorem 2 in the introduction. By the same theorem, each Ui carries the (k−i)-dimensional
partially smooth foliation
L si :=
⋃
y∈stat(φ)
ind(y)=i
{Lsy(p) ∩W u(x)}p∈Wu(y).
When 0 ≤ i < j < k, the foliation L sj refines the foliation L si and is L si -smooth.
Moreover, each foliation L si is refined by the following (k − i − 1)-dimensional partially
smooth foliation
S si :=
⋃
y∈stat(φ)
ind(y)=i
{Ssy(p, a) ∩W u(x)}(p,a)∈Λy , Λy ⊂ W u(y)× R,
of Ui, which is L si -smooth. The leaves of these foliations are denoted by
Lsi (p) for p ∈
⋃
ind(y)=i
W u(y), and Ssi (p, a) for (p, a) ∈
⋃
ind(y)=i
Λy ⊂
⋃
ind(y)=i
W u(y)× R.
If 0 ≤ i < j < k then the foliation L sj refines the foliation S si .
Furthermore, Proposition 4.4, together with Remark 4.5, implies that there are contin-
uous functions
ρi : Ui → (0,+∞)
with the following properties:
(ρ-1) If p belongs to the unstable manifold of some stationary point y of index i and
(ph) ⊂ Ui converges to p, then ρi(ph) → 0; moreover, for every neighborhood N of
p in M there exists an open neighborhood P of p in W u(y) and a positive number
 > 0 such that the open subset of W u(x) given by
ρ−1i ((0, )) ∩
⋃
p′∈P
Lsi (p
′)
is contained in N .
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(ρ-2) If the sequence (ph) ⊂ Ui converges to a point in the relative boundary of Ui in
W u(x) then ρi(ph)→ +∞.
(ρ-3) ρi is constant on each leaf of S si .
(ρ-4) ρi is L sj -smooth for every j ∈ {0, . . . , k − 1}.
(ρ-5) The differential of the restriction of ρi to each leaf of L si never vanishes.
(ρ-6) ρi is differentiable along the flow φ with
d
dt
ρi ◦ φt
∣∣∣
t=0
= −ρi.
It will be convenient to consider the functions ρi as defined on the whole of W
u(x),
by setting ρi = +∞ outside of Ui. Thanks to (ρ-2), these (0,+∞]-valued functions are
continuous on W u(x).
The vector field Y will be constructed by patching the vector fields on Ui that are
constructed in the next proposition.
Lemma 6.1. There are continuous vector fields Yi on Ui that are tangent to W
u(x) and
have the following properties:
(i) The vector field Yi is tangent to the foliation L si and is L
s
j -smooth for every j ∈
{0, . . . , k − 1}.
(ii) dρi[Yi] = −ρi on Ui.
(iii) If i < j then dρi[Yj] = 0 on Ui ∩ Uj.
Proof. We fix a smooth metric on W u(x). This metric induces a smooth metric on each
leaf of L si and we denote by ∇ρi the leafwise gradient of the function ρi with respect to
it. The vector field ∇ρi is tangent to the leaves of L si and, thanks to (ρ-3) and (ρ-5), it
never vanishes and is transverse to the leaves of S si . We define the vector field Yi to be
the unique vector field that is parallel to ∇ρi and is normalized so that
dρi[Yi] = −ρi.
This vector field satisfies (i) thanks to the regularity property (ρ-4) of the function ρi and
to the smoothness of the metric. Property (ii) holds by construction. If i < j then the
foliation L sj refines the foliation S
s
i . Together with the fact that ρi is constant on the
leaves of S si - by (ρ-3) - and Yj is tangent to the leaves of L
s
j , this implies (iii).
We denote by Vi the following open subset of W˙
u(x):
Vi := {p ∈ Ui | ρi(p) < 1}.
By (ρ-2) we have
Vi ∩ W˙ u(x) = Vi ∩W u(x) = {p ∈ Ui | ρi(p) ≤ 1}. (21)
Let χi : W˙
u(x)→ [0, 1], 0 ≤ i ≤ k − 1, be smooth functions such that:
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(χ-1) χi is supported in Ui.
(χ-2) For every i < j, χi = 0 on Vj ∩ W˙ u(x).
(χ-3) χi > 0 on (Vi \
⋃
j>i
Vj) ∩ W˙ u(x).
Such a family of functions is easy to construct: For every i ∈ {0, . . . , k − 1} choose a
smooth function ψi : W˙
u(x)→ [0, 1] such that
suppψi ⊂ Ui, ψ−1i ({1}) = Vi ∩W u(x),
and define
χi := ψi
∏
j>i
(1− ψi), ∀i ∈ {0, . . . , k}.
The functions ψi exist because Vi∩W u(x) and the complement of Ui in W˙ u(x) are disjoint
closed subsets of W˙ u(x), thanks to (21), and because every closed subsets of a manifold is
the set of zeroes of a smooth function.
We now consider the following tangent vector field on W˙ u(x):
Y :=
k−1∑
i=0
χiYi.
This vector field is continuous and L si -smooth for every i ∈ {0, . . . , k− 1}. It need not be
Lipschitz-continuous, but its Cauchy problems do have unique local solutions, as we show
in the next lemma.
Lemma 6.2. The vector field Y is uniquely integrable on W˙ u(x).
Proof. We wish to prove that for every u ∈ W˙ u(x) the Cauchy problem{
γ′(t) = Y (γ(t))
γ(0) = u
has a unique local solution. Being L s0 -smooth, the vector field Y is smooth on the open
set U0, so we do have local uniqueness when u ∈ U0. The complement of U0 in W˙ u(x) is
covered by the open sets
Ui \
⋃
j<i
suppχj, (22)
for i ∈ {1, . . . , k − 1}. On the above set, the vector field Y has the form
Y =
∑
j≥i
χjYj.
Since Yj is tangent to the foliation L sj , which refines the foliation L
s
i for every j > i, the
vector field Y is tangent to the leaves of L si on the set (22). Therefore, all local solutions
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of the above Cauchy problem with initial condition u in the set (22) are tangent to the
leaves of L si . By Proposition statement (iii) in Theorem 2, these local solutions must be
contained in the leaf of L si through u. From the fact that the restriction of Y to this leaf
is smooth, we deduce that the local solution is unique.
Being continuous and uniquely integrable, Y defines a continuous local flow on W˙ u(x),
that we denote by
θ : dom(θ)→ W˙ u(x), (t, p) 7→ θt(p),
where
dom(θ) ⊂ R× W˙ u(x)
is the maximal domain of existence.
Lemma 6.3. For every p ∈ Vi we have
d
dt
ρi ◦ θt(p)
∣∣∣
t=0
= −χi(p)ρi(p) ≤ 0. (23)
In particular, Vi is positively invariant under θ.
Proof. By (χ-2), χj(p) = 0 for every j < i and hence
d
dt
ρi ◦ θt(p)
∣∣∣
t=0
= dρi(p)[Y (p)] =
∑
j≥i
χj(p)dρi(p)[Yj(p)].
By Lemma 6.1 (ii) and (iii), the latter quantity equals
−χi(p)ρi(p),
proving (23). The inequality in (23) and the fact that Vi is a sublevel of the function
ρi : W
u(x)→ (0,+∞] imply that Vi is positively invariant under θ.
We now introduce the following open subset of W˙ u(x):
V :=
k−1⋃
i=0
Vi.
Notice that V is a “neighborhood of the boundary of W u(x)”, meaning that the difference
W u(x) \ V is compact.
Proposition 6.4. The forward orbit by θ of each p ∈ V ∩ W u(x) is defined for every
t ∈ [0,+∞). Moreover, for every such p there exists a point ωθ(p) ∈ W u(x) \W u(x) such
that
lim
t→+∞
θt(p) = ωθ(p),
and the map
ωθ : V ∩W u(x)→ W u(x) \W u(x)
is continuous.
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Proof. Let
γ : [0, T )→ W˙ u(x), γ(t) := θt(p),
be the forward orbit of some p ∈ V ∩W u(x), where T ∈ (0,+∞] is the maximal existence
time. Let i ∈ {0, . . . , k− 1} be the maximal index such that the forward orbit γ meets Vi:
There is a number t0 ∈ [0, T ) such that γ(t0) ∈ Vi, and γ(t) /∈ Vj for every j > i and every
t ∈ [0, T ).
By Lemma 6.3
γ(t) ∈ Vi and d
dt
ρi ◦ γ(t) = −χi(γ(t))ρi(γ(t)) ∀t ∈ [t0, T ). (24)
Since χi ≤ 1, we have
d
dt
ρi ◦ γ ≥ −ρi ◦ γ on [t0, T ),
and hence
ρi ◦ γ(t) ≥ ρi(γ(t0))et0−t ∀t ∈ [t0, T ). (25)
If j > i we have
ρj ◦ γ(t) > 1 ∀t ∈ [0, T ), (26)
because the forward orbit γ does not meet Vj. If j < i we have, using again Lemma 6.3
and the fact that χj vanishes on Vi by (χ-2),
ρj ◦ γ(t) = ρj(γ(t0)) ∈ (0,+∞] ∀t ∈ [t0, T ). (27)
By (26) and (27), ρj ◦ γ is bounded away from zero on [t0, T ) for every j 6= i. If, by
contradiction, T is finite then (25) implies that also ρi ◦ γ is bounded away from zero on
[t0, T ). But then γ([t0, T )) is contained in a compact subset of W˙
u(x) and this contradicts
the fact that the maximal existence time T is finite. We conclude that T = +∞.
We now claim that the positive function ρi◦γ, which by (24) is monotonically decreasing
on [t0,+∞), converges to zero for t→ +∞. If this is not the case, then this function has
a positive limit
r := inf
[t0,+∞)
ρi ◦ γ
for t → +∞. Using again (26) and (27), we deduce that γ([t0,+∞)) is contained in a
compact subset of W˙ u(x) and we find a sequence (th) ⊂ [t0,+∞) with th → +∞ such that
γ(th) converges to some point q ∈ W˙ u(x), which belongs to Vi and satisfies ρi(q) = r. If q
is not in the set
⋃
j>i Vj, then Lemma 6.3 and condition (χ-3) imply that
d
dt
ρi ◦ θt(q)
∣∣∣
t=0
= −χi(q)ρi(q) < 0,
and hence for some small t > 0 we have
ρi(θ
t(q)) < ρi(q) = r.
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By the continuity of θ and ρi, we have
ρi(γ(th + t)) = ρi(θ
t(γ(th)))→ ρi(θt(q)) < r,
and hence ρi(γ(th + t)) < r for h large enough, contradicting the assumption that r is the
infimum of ρi over γ([t0,+∞)). Therefore, q belongs to the set
⋃
j>i Vj.
Let j > i be the largest index such that q belongs to Vj. By Lemma 6.3 and (χ-3), we
have
d
dt
ρj ◦ θt(q)
∣∣∣
t=0
= −χj(q)ρj(q) < 0.
Therefore, for a small t > 0 we have
ρj(θ
t(q)) < ρj(q) ≤ 1,
meaning that θt(q) belongs to open set Vj. Therefore, the sequence
γ(th + t) = θ
t(γ(th)),
which converges to θt(q), eventually enters Vj. This contradicts the initial assumption that
the forward orbit γ does not meet any Vj with j > i.
We now know that γ is defined on the whole interval [0,+∞), that γ(t) belongs to Vi
for all t ≥ t0 and that ρi ◦ γ(t) tends to zero for t→ +∞. Using again property (χ-2), we
obtain the identity
Y (γ(t)) =
∑
j≥i
χj(γ(t))Yj(γ(t)) ∀t ≥ t0.
By property (i) in Lemma 6.1, Yj is tangent to the foliation L sj for every j. Since the
foliations L sj with j ≥ i refine the foliation L si , the above formula shows that the vectors
Y (γ(t)) are tangent to the foliation L si for every t ≥ t0. By Proposition 5.6, γ([t0,+∞))
is contained in a single leaf Lsi (p∞), for some p∞ ∈ W u(y), where y is a stationary point of
φ with ind(y) = i. Thanks to (ρ-1), the fact that ρi ◦ γ(t) tends to 0 for t→ +∞ implies
that γ(t) converges to p∞ for t→ +∞.
This proves that the forward orbit of each p ∈ V ∩ W u(x) converges to some point
ωθ(p) in W u(x) \W u(x). Now we wish to prove that the map
ωθ : V ∩W u(x)→ W u(x) \W u(x)
is continuous. Let p ∈ V ∩W u(x) and let N be a neighborhood of ωθ(p) in M . By our
previous considerations, p∞ := ωθ(u) is a point in the unstable manifold W u(y) of some
stationary point y of index i, 0 ≤ i ≤ k − 1, and there exists t0 such that
θt(p) ∈ Lsi (p∞) ∀t ≥ t0, lim
t→+∞
ρi(θ
t(p)) = 0.
Here i is the maximal index such that the forward orbit of p meets Vi. By (ρ-1) we can
find an open neighborhood P of p∞ in W u(y) and a positive number  ∈ (0, 1) such that
N0 := ρ
−1
i ((0, )) ∩
⋃
p′∞∈P
Lsi (p
′
∞),
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which is an open subset of W u(x), satisfies
N0 ⊂ N.
We claim that N0 is positively invariant with respect to θ. The set N0 is contained in Vi
and, by (χ-2), the vector field Y has the form
Y =
∑
j≥i
χjYj
on it. Then the claim follows from the fact that on N0 all the vector fields Yj with j ≥ i
are tangent to the foliation L si from Lemma 6.3.
Since θt(p) → p∞ for t → +∞, there exists t1 ≥ t0 such that θt1(p) ∈ N0. By the
continuity of θt1 , there exists a neighborhood U of p in V ∩W u(x) such that
θt1(U) ⊂ N0.
By the positive invariance of N0, θ
t(p′) belongs to N0 for every p′ ∈ U and every t ≥ t1. It
follows that
ωθ(p
′) ∈ N0 ⊂ N
for every p′ ∈ U . This proves that the map ωθ is continuous at p.
Proposition 6.5. The set V is strictly positively invariant with respect to both φ and θ,
meaning that for every p ∈ V ∩W u(x) and every t > 0 we have:
φt(p) ∈ V and θt(p) ∈ V.
Proof. By the continuity of the orbits, it is enough to show that for every p in the relative
boundary of V in W u(x) there is a positive number  such that
φt(p) ∈ V and θt(p) ∈ V ∀t ∈ (0, ).
Let p be in the relative boundary of V in W u(x). Then ρi(p) = 1 for some i ∈ {0, . . . , k−1}.
By (ρ-6) we have
d
dt
ρi ◦ φt(p)
∣∣∣
t=0
= −ρi(p) < 0.
This implies that there is a positive number  such that ρi(φ
t(p)) < 1 for every t ∈ (0, ),
and hence φt(p) ∈ Vi ⊂ V for every t ∈ (0, ).
Now let i be the largest index in {0, . . . , k− 1} such that ρi(p) = 1. By Lemma 6.3 we
have
d
dt
ρi ◦ φtY (p)
∣∣∣
t=0
= −χi(p)ρi(p).
Being on the relative boundary of V and not on the relative boundary of Vj for any j > i,
the point p does not belong to Vj for any j > i. Then (χ-3) implies that χi(p) > 0
and hence the above derivative is strictly negative. We conclude that there is a positive
number  such that ρi(θ
t(p)) < 1 for every t ∈ (0, ), and hence θt(p) ∈ Vi ⊂ V for every
t ∈ (0, ).
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Remark 6.6. The above two propositions and the continuity of the local flow θ imply that
V ∩W u(x) has an open neighborhood V ′ in W˙ u(x) such that the forward orbit of every
p ∈ V ′ is defined for every t ∈ [0,+∞). Indeed, by Proposition 6.5 the image of the
boundary ∂V of V in W u(x) under θ1 is a compact set that is contained in the open set
V . By continuity, there is an open neighborhood N of ∂V in W u(x) such that θ1(N)
is contained in V and our claim holds for V ′ = V ∩ N thanks to the first statement in
Proposition 6.4.
Proposition 6.7. The complement V c of V in W˙ u(x) is negatively invariant with respect
to θ. Morover, for every p ∈ V there exists t < 0 such that θt(p) ∈ V c.
Proof. The negative invariance of V c follows from the positive invariance of V , which
follows from Proposition 6.5. In order to prove the second statement, we argue by contra-
diction and assume that there exists a point p ∈ V whose backward orbit
γ : (T, 0]→ W˙ u(x), γ(t) := θt(p),
is contained in V . Here T ∈ [−∞, 0) is the infimum of the maximal interval of existence.
Since V is the finite union of the sets Vi, there exists i ∈ {0, . . . , k − 1} and a sequence
(th) ⊂ (T, 0] with th → T such that γ(th) ∈ Vi for every h. We may also assume that i is
maximal with this property, meaning that there exists T0 ∈ (T, 0] such that
ρj(γ(t)) ≥ 1 ∀j > i ∀t ∈ (T, T0]. (28)
By Lemma 6.3 and since (th) tends to T , we have
γ(t) ∈ Vi ∀t ∈ (T, 0], (29)
and
d
dt
ρi ◦ γ(t) ≤ 0 ∀t ∈ (T, 0],
from which we deduce
ρi(γ(t)) ≥ ρi(γ(0)) ∀t ∈ (T, 0]. (30)
If j < i, the fact that χj vanishes on Vi and Lemma 6.3 imply
ρj(γ(t)) = ρj(γ(0)) ∈ (0,+∞] ∀t ∈ (T, 0]. (31)
From (28), (29), (30) and (31) we deduce that γ((T, 0]) is contained in a compact subset
of W˙ u(x). Therefore, T = −∞. Using again (28), (29), (30) and (31), we obtain that the
α-limit of γ is a compact invariant set of θ which is contained in Vi and on which all the
functions ρj have a positive infimum. But Proposition 6.4 tells us that θ does not have an
invariant set with these properties, as the forward orbits of points in Vi converge to points
in W u(x) \W u(x). This contradiction concludes the proof.
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7 Proof of the main theorem
We are finally ready to prove the main result of this paper. As in the previous section, x
denotes a stationary point of φ of Morse index k.
Theorem 7.1. There exists a continuous flow ψ on W u(x) with the following properties:
(i) The only stationary point of ψ is x, and x has a neighborhood U ⊂ W u(x) such that
ψt(p) = φt(p) for every p ∈ U and t ≤ 0.
(ii) The α-limit of every p ∈ W u(x) is the stationary point x:
lim
t→−∞
ψt(p) = x ∀p ∈ W u(x).
(iii) For every p ∈ W u(x) \ {x} we have
lim
t→+∞
ψt(p) = ωψ(p),
where ωψ(p) is some point in W u(x) \W u(x).
(iv) The map p 7→ ωψ(p) is continuous on W u(x) \ {x}.
As immediate corollary we deduce the following result, in which Bk denotes the open
unit ball in Rk.
Corollary 7.2. If x is a stationary point of index k of the Morse-Smale gradient-like
smooth flow φ, then there exists a continuous map
ϕ : Bk → W u(x)
whose restriction to the interior maps Bk homeomorphically onto W u(x).
The above statement is precisely Theorem 1 from the Introduction, with the further
assumption that φ is smooth. The case of a flow of class C1 follows from the smooth case
by structural stability, as discussed in the Introduction.
Proof. We fix a smooth (k − 1)-dimensional sphere S in U that is transversal to the flow,
such as for instance S := ∂Dux(r) for r small enough, and we choose a homeomorphism
g : ∂Bk → S.
Let χ : (0, 1)→ R be an orientation preserving homeomorphism, such as for instance
χ(r) = tan
2pir − pi
2
.
Define ϕ : Bk → W u(x) in polar coordinates by
ϕ(ru) =
 ψ
χ(r)(g(u)) if 0 < r < 1,
x if r = 0,
ωψ(g(u)) if r = 1,
where u ∈ ∂Bk. The map ϕ is readily seen to have the required properties.
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The flow ψ of Theorem 7.1 is constructed by “juxtaposing” the restriction of the flow
φ to W u(x) and the local flow θ that we have constructed in the previous section. The
important properties of these two objects are the following
(φ-1) φ is a continuous flow on W u(x).
(φ-2) The open set V ⊂ W u(x) is strictly positively invariant with respect to φ.
(φ-3) For every p ∈ W u(x) \ {x} there exists t > 0 such that φt(p) ∈ V .
(φ-4) For every p ∈ W u(x) the backward orbit φt(p) converges to x.
(θ-1) θ is a positively complete continuous local flow on an open neighborhood of V ∩
W u(x).
(θ-2) The open set V ⊂ W u(x) is strictly positively invariant with respect to θ.
(θ-3) There exists a continuous map ωθ : V ∩W u(x)→ W u(x)\W u(x) such that for every
p ∈ V ∩W u(x) the curve θt(p) tends to ωθ(p) for t→ +∞.
(θ-4) For every p ∈ V there exists t < 0 such that θt(p) ∈ V c := W u(x) \ V .
Properties (φ-1) and (φ-4) are clear. Property (φ-2) holds because the forward orbit of
any p ∈ W u(x) converges a stationary point on the closure of W u(x) and hence eventually
enters V . Properties (φ-2), (θ-1), (θ-2), (θ-3) and (θ-4) have been proven in Propositions
6.4, 6.5 and 6.7 (see also Remark 6.6). Thanks to the conditions (φ-1), (φ-2), (θ-1), (θ-2)
and (θ-4), we can define a new flow
ψ = φ#V θ
on W u(x) that coincides with φ as long as we are outside of V and inside V switches to θ.
This new flow is defined by
ψt(p) :=
{
θ(t−τ(p))
+ ◦ φt∧τ(p)(p) if p ∈ V c,
φ−(t−σ(p))
− ◦ θt∨σ(p)(p) if p ∈ V ,
where τ and σ denote the entrance times functions into V of φ and θ, respectively:
τ(p) := inf{t ∈ R | φt(p) ∈ V }, σ(p) := inf{t ∈ R | θt(p) ∈ V }.
Notice that the function τ is real valued on W u(x) \ {x} by (φ-3). Both τ and σ are
continuous as R-valued functions thanks to (φ-2) and (θ-2). See Appendix B for more
details about the juxtaposition of flows (under slightly more general assumptions) and for
the proof that the above formula indeed defines a continuous flow on W u(x).
We just need to check that ψ satisfies the conditions (i)-(iv) that are stated in Theorem
7.1. The point x is the only stationary point of ψ, because it is the only stationary point of
φ, it is not in V and thanks to (θ-4). Moreover, ψt(p) = φt(p) for every t ≤ 0 and p ∈ V c,
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which is a neighborhood of x. This proves (i). By the same facts, together with (φ-4), (ii)
holds: the α-limit of any p ∈ W u(x) under ψ is x. If p ∈ V then ψt(p) converges to ωθ(p)
for t→ +∞, thanks to (θ-3). If p ∈ V c \ {x}, then ψt(p) converges to ωθ(φτ(p)), thanks to
(φ-3) and (θ-3). Therefore, ψ satisfies conditions (iii) and (iv), where the map ωψ is the
composition
ωψ(p) := ωθ
(
φτ(p)
+
(p)
)
,
which is clearly continuous on W u(x) \ {x}.
Remark 7.3. As any smooth flow, φ is the flow of a smooth vector field X. The local
flow θ is also defined by integrating a vector field Y , but of lower regularity. Instead of
juxtaposing the two flows, one could have tried to obtain ψ as the flow of a unique vector
field on W u(x), produced by patching X and Y by some smooth partition of unity, so that
X acts near the stationary point x while Y acts outside of a compact neighborhood of
x. A difficulty with this approach is that it is not clear whether the resulting vector field
is uniquely integrable. Indeed, X is uniquely integrable because it is smooth, while Y is
uniquely integrable because it is tangent to suitable foliations and is smooth on each of
their leaves. By patching together X and Y both properties would be lost.
A A gradient flow of a Morse function with an unsta-
ble manifold that is not a cell
Throughout this appendix, we call a subset W ⊂ M of a manifold M a k-cell if it is the
image of a homeomorphism from the open k-ball Bk ⊂ Rk that extends to a continu-
ous map from the closure of Bk into W ⊂ M . Theorem 1 from the Introduction states
that the unstable manifolds of stationary points of a Morse-Smale gradient-like flow on a
closed manifold M are cells. Here we wish to discuss what happens if we drop the Smale
transversality assumption.
If the closed manifold M is one-dimensional, then every Morse gradient-like flow is
automatically Smale, just because the unstable manifolds of its stationary points are ei-
ther points or open intervals. In dimension two, the negative gradient flow of a Morse
function need not be Smale. The standard counterexample is given by the height function
f(x, y, z) = z on the torus of revolution M ⊂ R3 that is obtained by revolving the circle
{(0, y, z) | y2 + (z − 2)2 = 1}
around the y-axis. This Morse function has two critical points p = (0, 0, 1) and q =
(0, 0,−1) of index one, and the negative gradient flow with respect to the metric induced
by the ambient Euclidean metric of R3 is such that the intersection
W u(p) ∩W s(q) = {(x, 0, z) | x2 + z2 = 1} \ {p, q}
is non-transverse. In dimension two, however, the unstable manifold of a stationary point
of index k of a Morse gradient-like flow is always a k-cell, regardless of the Smale condition.
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This is obivious for stationary points of index zero and one - in any dimension - and when
dimM = 2 it can be proven also for stationary points of index two because their unstable
manifolds are open balls with a nice boundary. If the closed manifold M is two-dimensional,
one could also prove that the Smale condition is equivalent to the fact that the cells given
by the unstable manifolds of all stationary points of a Morse gradient-like flow form a
CW -decomposition of M .
Starting from dimension three, it is possible to construct negative gradient flows of
Morse functions having some critical point whose unstable manifold is not a cell. Here we
exhibit an example in dimension three. Higher dimensional examples can be constructed
in a similar fashion, or by lifting this three-dimensional example to some product manifold.
We start by considering a smooth Morse function f : R3 → R with the following
properties:
(a) The function f is odd and symmetric with respect to the z-axis:
f(x, y, z) = fˆ
(√
x2 + y2, z
)
,
with fˆ(r,−z) = −fˆ(r, z).
(b) There exists R > 0 such that fˆ(r, z) = z for z2 + r2 ≥ R2.
(c) The function z 7→ fˆ(0, z) has four non-degenerate critical points on R: −b < −a <
a < b which are a local maximum, a local minimum, a local maximum and a local
minimum, respectively, with
fˆ(0, a) = α > β = fˆ(0, b) > 0.
(d) The function f has four critical points on R3, namely (0, 0,−b), (0, 0,−a), (0, 0, a) and
(0, 0, b) of Morse index one, zero, three and two, respectively.
(e) The stable and unstable manifolds with respect to the negative gradient flow φ0 of f
induced by the Euclidean metric on R3 are the following subsets:
(i) W u0 (0, 0,−b) is the half-line {(0, 0, z) | z < −a};
(ii) W s0 (0, 0,−b) is the sphere Σ of radius b centered at the origin, minus the point
(0, 0, b);
(iii) W u0 (0, 0,−a) = {(0, 0,−a)};
(iv) W s0 (0, 0,−a) is the open ball of radius b centered at the origin, minus the line-
segment from (0, 0, a) to (0, 0, b).
By the symmetry property (a), we then have:
W u0 (0, 0, a) = −W s0 (0, 0,−a) W s0 (0, 0, a) = −W u0 (0, 0,−a),
W u0 (0, 0, b) = −W s0 (0, 0,−b) W s0 (0, 0, a) = −W u0 (0, 0,−a).
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Figure 1: Phase portrait of the flow φ0 in a plane containing the z-axis.
Figure 1 represents the flow lines of φ0 in a plane passing through the z-axis. An explicit
function that satisfies all these assumptions, except for (b), is defined by choosing
fˆ(r, z) = ze
8
r2+z2+3 .
Indeed, fˆ has the symmetry properties required in (a) and a simple computation shows
that
(∂rfˆ, ∂zfˆ) = ρF
with
ρ(r, z) :=
1
(r2 + z2 + 3)2
e
8
r2+z2+3 > 0,
F (r, z) :=
(−16rz, (r2 + z2 + 4z + 3)(r2 + z2 − 4z + 3)).
This implies that the critical points of f are (0, 0,−3), (0, 0,−1), (0, 0, 1) and (0, 0, 3), at
which we have
f(0, 0, 3) = −f(0, 0,−3) = e2/3, f(0, 0, 1) = −f(0, 0,−1) = e2.
Moreover, the Hessian matrixes of fˆ at (0, 3) and (0, 1) are easily computed to be
fˆ ′′(0, 3) =
e2/3
3
( −1 0
0 1
)
, fˆ ′′(0, 1) = e2
( −1 0
0 −1
)
.
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This implies that the critical points (0, 0, 3) and (0, 0, 1) have Morse index two and three,
respectively. By symmetry, the critical points (0, 0,−3) and (0, 0,−1) have Morse index
one and zero, respectively. This shows that f satisfies (c) and (d) with a = 1, b = 3, α = e2
and β = e2/3. The properties (i) and (iii) in (e) are easy to check. Properties (ii) and (iv)
follow from the fact that the function
gˆ(r, z) := −r + 8r
r2 + z2 − 1 = r
r2 + z2 − 9
r2 + z2 − 1
satisfies
∂rfˆ∂rgˆ + ∂zfˆ∂zgˆ = 0
and hence the function
g(x, y, z) := g
(√
x2 + y2, z
)
is constant along the negative gradient flow lines of f . In particular, the sphere
Σ = {r2 + z2 = 9} ⊂ g−1(0)
is invariant under φ0 and since its tangent space at (0, 0, 3) is precisely the negative
eigenspace of the Hessian of f , (ii) holds and (iv) easily follows. The missing property
(b) can be easily achieved by modifying fˆ outside of a large ball.
The negative gradient flow φ0 of f is not Smale because the two-dimensional unsta-
ble manifold of (0, 0, b) is nowhere transversal to the two-dimensional stable manifold of
(0, 0,−b): their intersection is the two-dimensional submanifold Σ \ {(0, 0, b), (0, 0,−b)}.
We shall now perturb the Euclidean metric so that the unstable manifold of (0, 0, b) with
respect to the negative gradient flow φ of f induced by the perturbed metric is not a 2-cell.
For this purpose, consider the sequence of points pk on Σ whose cylindrical coordinates are
r = 3, θ = 1/k and z = 0. The sequence pk converges to the point p := (1, 0, 0) ∈ Σ. For
every even natural number k, we can perturb the Euclidean negative gradient of f in a
small neighborhood of φ10(pk) by adding a small vector field that is normal to Σ and inward
pointing. If we denote by φ the flow of the perturbed vector field, we obtain that φt(pk)
converges to (0, 0,−a) for t→ +∞, for every even k. The support of this perturbation can
be chosen in such a way that the orbits of pk for k odd are unaffected, and in particular still
converge to (0, 0,−b) for t → +∞. The backwards orbits of all pk’s are also unaffected,
and hence they all belong to the unstable manifold W u(0, 0, b) with respect to φ.
By choosing the perturbation to be small, we obtain that f is still a Lyapunov function
for φ. Together with the fact that the perturbation is supported away from the critical
set of f , we obtain that φ is the negative gradient flow of f with respect to some small
perturbation of the Euclidean metric. We claim that the two-dimensional unstable manifold
W u(0, 0, b) is not a 2-cell.
Assume by contradiction that there is a continuous map
h : B
2 → W u(0, 0, b)
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whose restriction to B2 is a homeomorphism onto W u(0, 0, b). Consider the curves
γk(t) := h
−1(φt(pk)), t ∈ R.
These curves are pairwise disjoint and converge to the common limit h−1(0, 0, b) ∈ B2 for
t → −∞. For t → +∞ each γk(t) has a compact, connected and non-empty limit set Jk
that is contained in the circle ∂B2. Since h ◦ γk(t) converges to (0, 0,−a) for k even and to
(0, 0,−b) for k odd, we deduce that f ◦ h takes the value −α on the Jk’s with k even and
the value −β on those with k odd. From the cyclic ordering of the curves γk we obtain
that the Jk’s are pairwise disjoint and cyclically ordered in the circle ∂B
2. By compactness
of ∂B2, we can find a ξ in ∂B2 that is the limit of a sequence ξk with ξk ∈ Jk. The fact
that f ◦ h(ξk) takes the value −α for k even and −β for k odd violates the continuity of
f ◦ h at ξ. This contradiction shows that a map h with the above properties cannot exist,
and hence W u(0, 0, b) is not a 2-cell.
Thanks to property (b), any flow on a three-manifold can be locally modified near a
non-stationary point by plugging in a copy of φ in a local chart. If the original flow is a
Morse gradient flow, so is the modified one. The modified flow has a hyperbolic stationary
point of Morse index two whose unstable manifold is not a 2-cell.
B Appendix: Juxtaposition of flows
In this appendix we recall some terminology about (local) flows and we show how a flow
can be juxtaposed to a positively complete local flow and produce a new flow. A local flow
on the metric space W is a continuous map
φ : dom (φ)→ W
where dom (φ) is an open neighborhood of {0} ×W in R×W such that for every x ∈ W
the set
Ix := {t ∈ R | (t, x) ∈ dom (φ)}
is an interval and the following group law holds: for every (t, x) ∈ dom (φ) and every s ∈ R
we have (
s, φt(x)
) ∈ dom (φ) ⇔ (t+ s, x) ∈ dom (φ),
and in this case
φt+s(x) = φs
(
φt(x)
)
.
Here we are using the standard notation
φt(x) := φ(t, x),
An open subset V is said to be positively invariant if for every x ∈ V and every t ∈
Ix ∩ [0,+∞) we have φt(x) ∈ V . If moreover for every x ∈ ∂V and every t ∈ Ix ∩ (0,+∞)
we have φt(x) ∈ V , the set V is said to be strictly positively invariant.
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The local flow φ is said to be positively (resp. negatively) complete if for every x ∈ W
the interval Ix is unbounded from above (resp. from below). A local flow which is at the
same time positively and negatively complete is a flow.
Now let A ⊂ W be positively (resp. negatively) invariant for the local flow φ on W .
The local flow φ is said to be positively (resp. negatively) complete relative to A if for every
x ∈ W either the interval Ix is unbounded from above (resp. from below) or there exists
t > 0 (resp. t < 0) such that φ(t, x) ∈ A.
Assume that V ⊂ W is a strictly positively invariant open subset of W such that φ is
positively complete relative to V and negatively complete relative to V c. Then the entrance
time of φ in V , that is the function
τ : W → R, τ(x) := inf{t ∈ R | (t, x) ∈ dom (φ) and φt(x) ∈ V },
is continuous. Indeed, its upper semicontinuity follows from the fact that it is the first
entrance time into an open set relative to which the flow is positively complete. By the
strict positive invariance of V , τ is also the first entrance time into the closed set V , and
hence it is lower semicontinuous, by the negative completeness relative to V c. Actually,
τ−1({0}) = ∂V, τ−1([−∞, 0)) = V, τ−1((0,+∞]) = V c.
Now let W be a metric space and V ⊂ W be an open subset. Let φ be a flow on W
and let θ be a positively complete local flow on an open neighborhood of V . We assume
that V is strictly positively invariant for both φ and θ. We also assume that θ is negatively
complete with respect to V c. Under these assumptions, we can define a new flow on W
which coincides with φ as long as we are outside V and inside V switches to θ. In order
to give a formal definition, we denote by τ the entrance time of φ in V and by σ be the
entrance time of θ in V . By what we have observed above, the functions τ and σ are
continuous. We define a new map
ψ : R×W → W
by
ψt(x) :=
{
θ(t−τ(x))
+ ◦ φt∧τ(x)(x) if x ∈ V c,
φ−(t−σ(x))
− ◦ θt∨σ(x)(x) if x ∈ V . (B.1)
Here we are using the notation
a+ := max{a, 0}, a− := −min{a, 0}, a ∨ b := max{a, b}, a ∧ b := min{a, b}.
Notice that if x belongs to V c ∩ V = ∂V , then τ(x) = σ(x) = 0 and hence the two
expressions
θ(t−τ(x))
+ ◦ φt∧τ(x)(x) = θt+ ◦ φ−t−(x)
and
φ−(t−σ(x))
− ◦ θt∨σ(x)(x) = φ−t− ◦ θt+(x)
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define the same point in W . Therefore, the map ψ is well defined. By the continuity of
φ, θ, τ and σ, we deduce that ψ is continuous on the closed sets R × V c and R × V , and
hence on their union R×W . This shows that the map ψ is continuous.
Clearly, ψ0 is the identity on W . Checking the group law
ψs+t(x) = ψs(ψt(x)) ∀x ∈ W, ∀s, t ∈ R,
consists in an elementary case distinction. We just treat the case x ∈ V c and leave the
completely analogous case x ∈ V to the patient reader.
Since x is in V c, we have
ψs+t(x) = θ(s+t−τ(x))
+ ◦ φ(s+t)∧τ(x)(x) and ψt(x) = θ(t−τ(x))+ ◦ φt∧τ(x)(x).
We distinguish the cases t < τ(x) and t ≥ τ(x). In the case t < τ(x), the point ψt(x)
coincides with φt(x) and belongs to V c. Moreover,
τ(ψt(x)) = τ(φt(x)) = τ(x)− t,
and hence
ψs(ψt(x)) = θ(s−τ(ψ
t(x)))+ ◦ φs∧τ(ψt(x))(ψt(x)) = θ(s+t−τ(x))+ ◦ φs∧(τ(x)−t) ◦ φt(x)
= θ(s+t−τ(x))
+ ◦ φ(s+t)∧τ(x)(x) = ψs+t(x),
so the group law holds. In the case t ≥ τ(x), the point ψt(x) coincides with θt−τ(x)◦φτ(x)(x)
and belongs to V . Moreover,
σ(ψt(x)) = σ
(
θt−τ(x) ◦ φτ(x)(x)) = τ(x)− t,
and hence
ψs(ψt(x)) = φ−(s−σ(ψ
t(x)))− ◦ θs∨σ(ψt(x))(ψt(x)) = φ−(s+t−τ(x))− ◦ θs∨(τ(x)−t) ◦ θt−τ(x) ◦φτ(x)(x).
If s+ t− τ(x) ≥ 0 then the last expression coincides with
θs+t−τ(x) ◦ φτ(x)(x) = θ(s+t−τ(x))+ ◦ φ(s+t)∧τ(x)(x) = ψs+t(x).
If s+ t− τ(x) < 0 then it coincides with
φs+t−τ(x) ◦ φτ(x) = φs+t(x) = θ(s+t−τ(x))+ ◦ φ(s+t)∧τ(x)(x) = ψs+t(x).
In both cases the group law is verified.
The new flow ψ is also denoted by the symbol
φ#V θ : R×W → W.
We summarize the above result into the following statement.
Proposition B.1. Let V be an open subset of the metric space W . Let φ be a flow on W
and θ a positively complete local flow on an open neighborhood of V . We assume that V is
strictly positively invariant for both φ and θ, and that θ is negatively complete relative to
V c. Then the formula (B.1) defines a flow ψ = φ#V θ on W .
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